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a b s t r a c t 

In this paper, we present a global database of craters larger than 0.7 km in diameter on the surface of 

(4) Vesta, which we created based on a global mosaic of the Dawn spacecraft’s high-altitude mapping 

orbit (HAMO) images at a resolution of ∼60 m/pixel and cross-checked using the images from the low- 

altitude mapping orbit (LAMO) mission phase. The method to produce the crater database consists of 

visual crater identification and mathematical shape determination. To give precise measurements, topo- 

graphic corrections have also been considered by combining the digital elevation model (DEM) data in 

this global survey. We calculated the morphometric parameters of the craters, which consist of diame- 

ter, depth, depth-to-diameter ratio, ellipticity, and azimuth of the major axis. Our results show that the 

craters on (4) Vesta are very shallow, with a mean depth-to-diameter ratio of ∼0.065, which is similar to 

that of the craters on (1) Ceres and (25143) Itokawa but lower than for craters on other solid bodies. The 

results also show that the fractions of craters with an ellipticity greater than 1.1 or 1.2 are smaller than 

those of craters on the Martian surface, which is probably because few secondaries exist on the surface 

of (4) Vesta. In addition, the azimuths of the major axis are almost uniformly distributed in different di- 

rections. Our globally consistent crater database has many potential applications for future studies such 

as geologic mapping and surface age dating. 

© 2018 Elsevier Inc. All rights reserved. 
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1. Introduction 

Asteroid (4) Vesta, the second most massive object in the aster-

oid main belt, is an ellipsoidal asteroid with estimated dimensions

of 286.3 × 278.6 × 223.2 ± 0.1 km ( Russell et al., 2012 ). It has long

been a target of scientific interest and has been studied through

ground-based telescopes ( McCord et al., 1970 ) and the Hubble

Space Telescope (e.g., Binzel et al., 1997 ; Li et al., 2010), because

of its geologic diversity (e.g., Degewij et al., 1979; Binzel et al.,

1997 ) and the discovery that Howardite, eucrite, and diogenite me-

teorites are very likely samples excavated from Vesta (e.g., McCord

et al., 1970; Binzel and Xu, 1993 ). As an object that formed early

and possibly a remnant of an intact protoplanet, it is also expected

to provide important clues to the processes that take place in the

earliest phase of solar system formation ( Russell et al., 2004, 2012 ).

It was the first target of the Dawn mission, which was launched

on 27 September 2007 and successfully entered orbit around (4)

Vesta on 16 July 2011 after nearly four years of interplanetary flight
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 Rayman and Mase, 2014 ). The Dawn spacecraft orbited the (4)

esta for over one year to September 2012 and imaged the entire

urface ( Russell et al., 2012 ). Equipped with two identical fram-

ng cameras (FC) ( Rayman et al., 2006; Rayman and Mase, 2014 ),

he Dawn spacecraft mapped (4) Vesta from three different or-

ital heights: a 2700 km altitude during the survey orbit, 700 km

ltitude during high altitude mapping orbit (HAMO), and 210 km

ltitude during low altitude mapping orbit (LAMO) ( Russell and

aymond, 2011 ) resulting in spatial resolutions of ∼260 m/pixel,

60 m/pixel, and ∼20 m/pixel, respectively ( Roatsch et al., 2013;

athues et al., 2015 ). Because only ∼80% of the surface of (4)

esta was covered during the survey mission phase ( Marchi et al.,

012 ) and 84% of the surface was covered during the LAMO mis-

ion phase ( Roatsch et al., 2013 ), a global mosaic has been con-

tructed from the images taken during the HAMO ( Roatsch et al.,

012, 2013 ). In addition, the surface of (4) Vesta was imaged sev-

ral times during the HAMO and LAMO phase under similar illumi-

ation conditions with different viewing angles, allowing the gen-

ration of stereo topographic maps ( Preusker et al., 2014 ). These

ata sets are very important for the study of the surface prop-

rties of (4) Vesta, and have been used for geologic study both

https://doi.org/10.1016/j.icarus.2018.04.006
http://www.ScienceDirect.com
http://www.elsevier.com/locate/icarus
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egionally (e.g., Willams et al., 2014 ; Yingst et al., 2014 ) and glob-

lly (e.g., Jaumann, 2012 ; Ruesch et al., 2014 ). 

Impact craters were proposed to be the major landform on the

urface of (4) Vesta even before the Dawn mission ( Gaffey, 1997 ),

nd studies based on Dawn data further confirm that it is indeed

ominated by impact craters at all scales ( Marchi et al., 2012 ).

raters are very important in planetary studies, not only because

he cratering itself can contribute to investigations of the proper-

ies of surface or subsurface materials (e.g., the dark materials on

4) Vesta are closely related with impact craters; McCord et al.,

012; Jaumann et al., 2014 ), but also because crater populations

an provide valuable information for regional or global geologic

tudies, especially for bodies where in situ rock samples are lack-

ng, such as (4) Vesta, and impact crater counts are the only way

o estimate the age of geologic units (e.g., Shoemaker et al., 1962;

rask, 1966 ). For these reasons, crater databases for the Moon (e.g.,

inser et al., 2013; Robbins, 2016 ), Mercury ( Fassett et al., 2011 ),

nd Mars (e.g., Barlow, 1988 , 2003; Salamuni ́ccar et al., 2011;

obbins and Hynek, 2012a ) have been established. Marchi et al.

2012) mapped 1872 craters larger than 4 km in diameter on the

urface of (4) Vesta based on the visual image mosaic during

he survey mission phase, and Vincent et al. (2014) selectively

apped 1025 craters ranging from 1.5 to 64 km in diameter. In

ddition, Kneissl et al., (2011) mapped 2892 asymmetric craters

anging in diameter from 0.3 to 43 km. However, a global crater

atabase including a variety of important attributes, such as the

rater positions, diameters, depths, and morphologies, has not yet

een developed. These attributes have a broad range of science

pplications. For example, the crater database of Mars created by

obbins and Hynek (2012a) includes up to 70 fields to compre-

ensively describe the above attributes of the Mars craters and

as been widely used in the analysis of Martian resurfacing events

 Irwin et al., 2013 ), geological unit dating ( Platz et al., 2013 ), global

eologic mapping ( Tanaka et al., 2014 ), and other studies. 

When developing a crater database, craters can be either man-

ally identified (e.g., Fassett et al., 2011; Robbins and Hynek,

012a; Robbins, 2016 ) or machine catalogued (e.g., Salamuni ́ccar

nd Lon ̌cari ́c, 2008; Stepinski et al., 2009; Salamuni ́ccar et al.,

011 ). Although manual crater identification and measurement

echniques can usually generate results that are closer to ground

ruth, Salamuni ́ccar et al. (2011) and Robbins et al. (2014) pointed

ut that manual assignment of the crater and diameter may vary

ven between successive determinations by the same human op-

rator or different researchers. However, it is inevitable that some

raters are omitted or falsely detected when computer detection

lgorithms are used alone (see the evaluations of the automated

etection results in the above studies). Therefore, it is better to

ombine the advantages of both methods when developing a crater

atabase, that is, to manually identify the craters initially and then

djust the location and diameter locally with a higher precision us-

ng a robust detection algorithm. 

In this study, we focus on developing a reliable global crater

atabase for (4) Vesta. First, the data sets used in the research

re introduced ( Section 2 ), and then the methodology to create

he crater database is described in detail ( Section 3 ). In particu-

ar, we elaborate on the fields used to describe the attributes of

he craters, explain their implications and how they are measured

r calculated, and statistically analyze their inherent uncertainties.

ext, we present the results and analyses of the crater database,

ncluding the database completeness, global distribution, and mor-

hometric parameters ( Section 4 ). We also compare the craters in

he new database with both the previously identified craters on 4)

esta and craters on other bodies ( Section 5 ). Finally, we summa-

ize the data analysis results and some potential scientific applica-

ions ( Section 6 ). 
b  
. Data sets 

The data sets used in this work were acquired from the

024 × 1024-pixel charge-coupled device (CCD) sensor of FC2 dur-

ng Dawn’s two HAMO phases (HAMO-1 and HAMO-2) and LAMO

hase ( Polanskey et al., 2011; Rayman and Mase, 2014 ). Dawn

ompleted the HAMO-1 science phase from 1 October 2011 to 3

ecember 2011, during which (4) Vesta was globally covered six

imes, yielding a rich set of images ( Rayman and Mase, 2014 ). From

5 June 2012 to 25 July 2012, Dawn carried out its HAMO-2 science

hase, which focused on the northern regions that were previously

n darkness ( Rayman and Mase, 2014 ). As a result, at least 95% of

esta’s surface was imaged under similar illumination conditions

ut different viewing conditions; this enabled the Dawn team to

onstruct stereo topographic maps as well as ortho-image mosaics

 Preusker et al., 2014 ). The Dawn LAMO phase was carried out

rom 12 December 2011 to 1 May 2012, during which FC2 imaged

early the entire illuminated surface ( Rayman and Mase, 2014 ).

owever, the LAMO mission phase occurred during northern win-

er when the north pole region was in darkness; only 84% of the

urface was illuminated and good illumination for crater identifi-

ation was only available for 66.8% of the surface ( Roatsch et al.,

013 ). 

The above raw images were calibrated and converted to radio-

etric units and ortho-rectified ( Schröder et al., 2013, 2014 ), re-

ulting in several mosaics ( Ruesch et al., 2014 ). In this research,

wo global mosaics of the images acquired during the HAMO and

AMO phases ( Roatsch et al., 2012, 2013 ) are used, and their reso-

utions are ∼60 m/pixel and 20 m/pixel, respectively. In addition, to

ap the craters in regions poleward from 70 ° latitude, another two

osaics from the HAMO images in north and south polar stereo-

raphic projections are used. These data products can be directly

ownloaded from planetary data system website ( https://sbn.psi.

du/pds/resource/dawn/dwnvfcL1.html ). Note that the two mosaics

ith north and south polar stereographic projections were derived

rom those images with good illumination conditions in the polar

egions for the identification of craters. The mosaics of the HAMO

mages were first used to identify craters, and the mosaic of the

AMO images was used to cross-check the results, where possi-

le. The reason that the LAMO mosaic was not first used to map

he craters is to keep the diameter measurements of the identified

raters consistent. To calculate the depths of the craters, we used

 DEM of (4) Vesta, which was derived using stereo photogram-

etry ( Preusker et al., 2014 ). The DTM covers approximately 95%

f the Vestan surface, except for a few permanently shadowed ar-

as near the poles, which were interpolated. It has a resolution

f ∼70 m/pixel with a vertical accuracy of ∼±6 m ( Preusker et al.,

014 ). All data can be downloaded from https://sbn.psi.edu/pds/

esource/dwnvfc2.html . 

. Methodology 

In this section, we first analyze the characteristics of the craters

n the surface of (4) Vesta, which is important for selecting suit-

ble fields for the crater database. We subsequently detail the

rater identification and measurement methods. In terms of the

easurement errors, a detailed description of the circle and ellipse

tting is described in Appendix A . The flowchart of the process is

hown in Fig. 1 , and the detailed processing steps are described in

he corresponding sections. 

.1. Properties of (4) Vesta craters and selected fields in the database 

Although all impact craters on a given planetary body can

e simply described as circular rimmed depressions, detailed

https://sbn.psi.edu/pds/resource/dawn/dwnvfcL1.html
https://sbn.psi.edu/pds/resource/dwnvfc2.html
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Fig. 1. Flowchart for the creation of the crater database for the surface of (4) Vesta. 
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crater morphology is a function of the diameter and preserva-

tion ( Melosh, 1989 ). As the diameter increases, the morphology

of craters usually ranges from bowl-shaped simple, complex with

central peaks, complex with peak rings, to giant basins. Moreover,

the transition diameters between the different morphologies are

inversely proportional to the surface gravity ( Melosh, 1989 ). There-

fore, the transition diameter from simple to central-peak complex

craters on (4) Vesta should be 73–147 km (this transition diameter

on the Moon is 10–20 km, Pike, 1977a; Melosh, 1989 ). Further, the

transition diameter from central peak-to-peak ring craters on (4)

Vesta should be ∼1032 km (this transition diameter on the Moon

is ∼140 km, Melosh, 1989 ). In agreement with expectations, only

Vesta’s largest crater, Rheasilvia, with a diameter of 500 ± 20 km

(e.g., Jaumann, 2012 ; Salamuni ́ccar and Lon ́cari ́c, 2008 ), has been

reported to have a central peak ( Salamuni ́ccar and Lon ́cari ́c, 2008 ).

Considering that studies have specifically investigated Rheasilvia

(e.g., Ivanov and Melosh, 2013; Salamuni ́ccar and Lon ́cari ́c, 2008 ),

it is excluded in this research and only the simple craters are con-

sidered. 

Although most craters appear circular in planform, for low

angle impacts, the crater planform becomes elliptical with the

major axis oriented with respect to the projectile’s direction of

travel ( Herrick and Hessen, 2006 ). Impact on sloping surfaces also

favored the formation of asymmetric craters as Kneissl et al.,

(2011) demonstrated. In addition, a recent numerical study of

oblique impact also found that a lower impact velocity pro-
otes the formation of elliptical craters ( Elbeshausen et al.,

013 ). The mean impact velocity on the surface of (4) Vesta is

4.75 km/s (Brien et al., 2011 ), which is less than that for the

oon ( ∼17.4 km/s; Yue et al., 2013), where elliptical craters only

ake up ∼5.4% of the total ( Bottke et al., 20 0 0 ). Thus, there should

e a higher percentage of elliptical craters on the surface of (4)

esta. In addition, the rugged target terrain also increases the per-

entage of elliptical craters, as Kneissl et al. (2011) demonstrated

or (4) Vesta and Herrick et al. (2012) demonstrated in the Sat-

rnian satellites (where 7.6% craters have ellipticities larger than

.2); therefore, a higher percentage of elliptical craters on (4) Vesta

s also expected considering the complex topography at all spa-

ial scales ( Jaumann, 2012 ). Hence, parameters to describe elliptical

raters are included in the database. 

Based on these properties of (4) Vesta craters and referring

o previous crater databases ( Li et al., 2010; Robbins and Hynek,

012b ; Wang et al., 2015 ), we selected 18 fields (columns) for the

rater database of (4) Vesta ( Table 1 ). 

.2. Crater identification and measurement 

In this research, the craters were measured along the crater rim,

.e., the resultant diameter is the rim diameter (see Turtle et al.,

005 ), which is also often utilized in other crater databases (e.g.,

obbins and Hynek, 2012a; Wang et al., 2015; Robbins, 2016 ).

hree points along the crater rim were first identified in the
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Table 1 

Columns in the database and their brief descriptions. The capitalized text in the remainder of this section indicates the column names as they appear in the database. 

Fields Description 

LONGITUDE_CIRCLE Longitude from the derived center of a nonlinear least squares circle fit to the vertices in the DEM selected to identify the crater 

rim. Units: decimal degrees east. 

LATITUDE_CIRCLE Latitude from the derived center of a nonlinear least squares circle fit to the vertices in the DEM selected to identify the crater 

rim. Units: decimal degrees north. 

ERROR_LONGITUDE_CIRCLE Longitudinal errors from the circle fitting 

ERROR_LATITUDE_CIRCLE Latitudinal errors from the circle fitting. 

DIAM_CIRCLE Diameter of a nonlinear least squares circle fit to the vertices in the DEM selected to identify the crater rim. Units: km. 

ERROR_DIAM_CIRCLE Errors in the diameter from the circle fitting. 

PTS_USED_CIRCLE Number of points selected around the crater rim to fit the crater with a circle. 

RMS_CIRCLE_FIT RMS of fitting the crater with a circle. Units: m. 

LONGITUDE_ELLIPSE Longitude from the derived center of a nonlinear least squares ellipse fit to the vertices in the DEM selected to identify the crater 

rim. Units: decimal degrees east. 

ERROR_LONGITUDE_ELLIPSE Longitudinal errors from the ellipse fitting. 

LATITUDE_ELLIPSE Latitude from the derived center of a nonlinear least squares ellipse fit to the vertices in the DEM selected to identify the crater 

rim. Units: decimal degrees north. 

ERROR_ LATITUDE _ELLIPSE Latitudinal errors from the ellipse fitting. 

DIAM_ELLIPSE_MAJOR Major axis of a nonlinear least squares ellipse fit to the vertices in the DEM selected to identify the crater rim. Units: km. 

ERROR_ELLIPSE_MAJOR Errors of the major axis from the ellipse fitting. 

DIAM_ELLIPSE_MINOR Minor axis of a nonlinear least squares ellipse fit to the vertices in the DEM selected to identify the crater rim. Units: km. 

ERROR_ELLIPSE_MINOR Errors of the minor axis from the ellipse fitting. 

ELLIPSE_ECCEN Eccentricity of the nonlinear least squares ellipse fit, defined as e = 

√ 

1 − b 2 / a 2 ( Robbins and Hynek, 2012b ). 

ELLIPSE_ ELLIP Ellipticity of the nonlinear least squares ellipse fit, defined as ε = a/b ( Elbeshausen et al., 2013 ). 

ELLIPSE_ANGLE Tilt angle of the nonlinear least squares ellipse fit. The value is between – 90 °and + 90 °, 0 ° indicates to a major axis that is 

parallel to a line of latitude, and positive values are counter-clockwise. Units: degrees. 

ERROR_ELLIPSE_ANGLE Errors in deriving the azimuth of major axis in the ellipse fitting. 

PTS_USED_ELLIPSE Number of points selected around the crater rim to fit the crater with an ellipse. 

RMS_ELLIPSE _FIT RMS of fitting the crater with an ellipse. Units: m. 

DEPTH_RIMFLOOR The depth of the crater after topographic correction, see Section 3.2 for details. 

DEPTH_DIAMETER_RATIO The ratio of DEPTH_RIMFLOOR to DIAM_CIRCLE. 
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lobal mosaic of HAMO images, which was been imported into the

rcGIS software. In this process, we used a polar stereographic pro-

ection poleward 60 ° and a standard cylindrical projection for other

atitudes. Subsequently, an ArcGIS extension, CraterTools (Kneissl

t al., 2011), was used to determine the positions and measure the

iameters of the impact craters. CraterTools works independently

f the particular map projection of the image and it can fit a crater

im with a circle perfectly in many cases. The results were checked

ith the global mosaic of LAMO images where available to en-

ure the accurate positions of the manually identified points on the

rater rims. Note that the craters were identified independently by

ach author and then cross-checked. In addition, previous results

y Vincent et al. (2014), Marchi et al. (2012) , and Kneissl et al.

2011) were also included after cross-checking, although the cen-

ers and diameters are not exactly the same. Therefore, the (4)

esta crater database generated in this study is based on the ag-

regation of previous results. 

More accurate crater rim traces were extracted based on the

bove initial fitted circle using the following automated algorithm,

hich was developed on the platform of ESRI’s ArcGIS with the

OM-based programming language of C#. Eight profiles crossing

he circle center are created evenly with a 22.5 ° angular difference

etween neighboring profiles ( Fig. 2 ). Then, a local maximum of

he topographic curvature in each profile is found within 10% of

he diameter on both sides of the initial circle. This method is sim-

lar to that by Vincent et al. (2014) except we use eight instead of

our profiles; in addition, the method can remove this interference

rom other craters intersecting with the profiles ( Fig. 2 b; the black

nd points that intersect with other craters are considered invalid).

o remove possible errors from the above automatic search (e.g.,

he crater rim may be modified by mass wasting, see Kneissl et al.

2011) ), the end points are also manually checked to ensure that

hey are indeed along the crater rim. The result of this treatment

s that there will be up to 16 points determined along the crater

im (i.e., rim points). Rim points are also manually added when

ecessary to ensure that each crater has at least six points. The
esultant rim points are used to represent the crater rims in fu-

ure for computing the reported crater parameters. Therefore, the

rater database in this research essentially consists of manual re-

ults with automated refinements. 

Most of the parameters in Table 1 are derived from the circle

nd ellipse fitting using the crater rim points defined using the

echniques above. Circles were fit using a nonlinear least squares

ethod, while ellipse fits were accomplished by a stable proce-

ure prescribed by Fitzgibbon et al. (1999) . To achieve reliable fits,

he gross errors (larger than three times standard deviation in the

nitial circle and ellipse fitting) were removed. 

We note that the above fittings are based on the local coor-

inate system, i.e., the rim points identified from images are first

rojected onto the ground plane ( Fig. 3 ). This process is extremely

mportant for measuring the depth of the craters considering that

any craters on the surface of (4) Vesta are distributed over slopes

 Kneissl et al. (2011); Vincent et al., 2014 ) and large topographic

ndulations commonly exist on the surface of (4) Vesta (Herrick

t al., 2012). The process of this projection can be summarized as

he following steps: (1) A ground surface is fitted with the rim

oints and the manually identified crater rim is projected in this

lane; (2) The topographic information of the crater rim and the

rofiles are searched from the original DEM according this pro-

ection; (3) A local ground coordinate system, in which the origin

s the crater center, x points local east, and y points local north,

nd z points up, is created and the topographic information is cor-

ected to this coordinate system. The aim of this correction is to

ntegrate the topographic data in the local ground coordinate sys-

em, which makes the measurements of depth and diameter ex-

ctly same with those measured in the fields. In the local corrected

opographic data, the depth of each valid profile is measured as

he elevation difference between the highest and lowest point. Fi-

ally, the crater depth is considered as the maximum depth among

he depths of the valid profiles. Fig. 3 schematically displays three

alid profiles (with valid rim points in two ends), and the maxi-

um depth among them is the crater depth. 
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Fig. 2. Rim point identification in this research. (a) Rim points identified for the isolated Crater Sextilia (64.08 °W, 39.00 °S); the hollow circles are removed as gross errors 

before circle fitting; (b) Rim points identified for Crater Fulvia (67.49 °W, 26.25 °S) and two overlapping craters, in which the black points are considered invalid and the 

hollow circles are also removed as gross errors. The background is the HAMO mosaic. 

Fig. 3. Diagram for projecting rim points identified in the image onto the local 

ground plane. Rim points identified in the image are projected onto the ground 

surface within the local coordinate system and the profiles with valid rim points 

are used to derive the depth of the crater. 
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Fig. 4 shows the measurements to a crater located at 94.3 °W,

32.8 °N. To fit the crater with rim points, eight profiles (top) are

used and the rim points are further modified as we described in

the manuscript. To derive the depth of the crater, local ground

plane is fitted with the DEM. All of the profiles (middle) will be

then modified according to the local fitted ground plane. For ex-

ample, profile 6 (solid line, bottom), the steepest profile, will be

corrected to the dotted line. As a result, the depth measured from

the corrected profile will be smaller than that from the original

profile. The average depth of all these depths of the profiles is con-

sidered as the depth of the crater. 

3.3. Uncertainties in measurements 

The uncertainties come from both the measurements and the

data source. As we stated above, the rim points were manually

identified in the HAMO images and cross checked in the LAMO

images where available. Therefore, the error in identifying the rim

points can be considered as one pixel, which is equivalent to 60 m

for HAMO, or σ = ± 30 m. The depth of the crater is measured as

the elevation difference between the two points in DEM, and its

measurement error can be calculated from the error propagation

law as 

σh = 

√ 

σ 2 
1 

+ σ 2 
2 

= 

√ 

6 

2 + 6 

2 = 8 . 48 m 

where σ 1 and σ 2 represent the elevation errors of the two points

in DEM, respectively. However, it is necessary to note that the
bove ideal derived measurement error is only appropriate provid-

ng the terrain is very smooth, and it will be much larger in rugged

egions, especially considering that the spatial resolution of DEM is

70 m/pixel. 

. Results and analyses 

.1. Database completeness analyses 

The mosaics used in this research almost globally cover the

urface of (4) Vesta, providing a reliable basis for the creation of

he crater database. The completeness diameter of the database,

.e., the smallest diameter for which all craters were identified,

an be determined from the crater size-frequency distribution (e.g.,

obbins and Hynek, 2012b ; Salamuni ́ccar et al., 2011 ). The philos-

phy behind the strategy is that the crater population will con-

inue to increase in number as size decreases, and any observed

ramatic and sudden decrease is most likely due to the inability to

dentify craters near the resolution limit of the imaging rather than

 property of the surface ( Robbins and Hynek, 2012b ). Therefore,

e first performed a global analysis of the crater database using an

ncremental size-frequency distribution plot binned in 2 1/2 D inter-

als ( Fig. 5 ) based on a method recommended by the Crater Anal-

sis Techniques Working Group (1979) . 

Currently, only Marchi et al. (2012) have globally mapped

raters on the surface of (4) Vesta, to the best of our knowledge.

archi et al. (2012) published 1872 craters with diameters ≥ 4 km

ased on a mosaic with a resolution of 260 m covering ∼80% of

esta’s surface. They also mapped 3809 additional craters larger

han 1.0 km in diameter distributed over the entire surface of (4)

esta (personal communication). Fig. 5 also includes their results,

hich indicate that the peak diameter of the crater population is

bout 4.0 km. In general, our mapped database is very consistent

ith that of Marchi et al. (2012) for craters larger than 4.0 km in

iameter, and the inconsistency for craters between 10 and 14 km

s mostly caused by the differences of the measured diameters in-

tead of a deficiency in crater numbers. 

According to the above philosophy, the completeness diame-

er of our crater database can be considered to be 0.7 km. How-

ver, Robbins et al. (2014) indicated that the level of agreement

mong experts in identifying craters and the completeness diam-

ter also depends on many other factors including terrain type,

umber of craters per diameter bin, and crater diameter. As a
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Fig. 4. The depth and dismeter measurements to a crater located at 94.3 ° W, 32.8 ° N. 
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esult, there could be a few other craters larger than 0.7 km in di-

meter left in our crater database. However, this analysis is also

ignificant in related analyses, or at least it can provide a basis for

mall craters mapping and analyses in future. Our database con-

ains 11,605 craters ( D ≥ 0.7 km), which also form the base for the

ubsequent analyses in this research. The entire database has an

dditional 9293 craters ( D < 0.7 km) that may be obtained by con-

acting the corresponding author. 

.2. Global distributions of craters 

Fig. 6 shows the global distribution of the 11,605 mapped

raters with D ≥ 0.7 km in this research. Fig. 6 a shows fitted cir-

les overlaid on the HAMO global mosaic, and Fig. 6 b shows their
patial density, i.e., the number of craters per 10 4 km 

2 , by averag-

ng over the 100 × 100 km rectangle centered at the current pixel.

t is obvious that the area around Crater Marcia (20.24 °W, 9.72 °N,

 = 56.70 km) is less populated ( Fig. 6 b), which we interpret to be

ecause the crater and its ejecta destroyed or covered over previ-

usly existing craters. The crater densities in the two polar regions

re also lower than in other regions, which is presumably mostly

aused by erosion from large young craters (e.g., Rheasilvia Basin

n the south, and Crater Albana in the north), although omissions

ue to the poor illumination of the images is also possible. There

re several regions, as indicated in Fig. 6 b, which are particularly

ensely populated by craters. 

Fig. 7 shows the crater center distribution with respect to el-

vation. Craters on the surface of (4) Vesta are distributed from
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Fig. 5. Incremental size-frequency distribution plot of the global craters (in red) compared with that obtained by Marchi et al. (the complete database, personal communica- 

tion; in green), binned in 2 1/2 D intervals. The crater diameter is derived by circle fitting using rim points. The result indicates that the peak number for our crater database 

is about 0.7 km in diameter. 
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−22.0 km to 19.0 km, and we binned the craters every 1 km in

the topographic range. Generally, similar to the distribution pat-

tern found by Marchi (2002) for the density of craters D ≥ 4.0 km,

highland areas usually have a higher crater density. Our histogram

further reveals that there are 7561 ( ∼65.15%) craters distributed in

areas higher than 0 m (see Preusker et al. (2014) for the reference

plane). 

4.3. Morphometric parameters of the craters 

A by-product of the completeness analyses is the diame-

ter distribution pattern for the crater database in this research.

Fig. 5 clearly shows that the number of craters increases as their

diameter decreases from 64 km to 4 km as a power-law relation-

ship. For craters with diameter from ∼2.8 km to 1.4 km, their num-

bers do not increase as rapidly as for larger craters. When the di-

ameter is smaller than 1.4 km, the crater population again steeply

increases. These trends are similar to those in the regional crater

distribution model ( Marchi et al., 2014 ), although there is no inter-

pretation currently. 

Fig. 8 shows a plot of the number of craters with

depths > 0.1 km in which the crater depths are binned every

0.1 km. There are 4637 craters included in the analyses. Among

these craters, 4406 craters ( ∼95.0%) are less than 1.0 km in depth.

Crater Tarpeia is the deepest with a depth of ∼5.0 km. Fig. 8 also

indicates that the trend in the number of craters deeper than

1.0 km fluctuates, and this is more evident for the deeper craters.

However, for those craters less than 1.0 km in depth, the number

of craters increases steadily when the depth decreases. The fitted

power function is as follows: 

N = 419 . 9 × d −0 . 73 − 421 . 9 

(
R 

2 = 0 . 9952 

)
, (17)

where N is the number of craters for each bin, and d is the depth

of the left border (the smaller value) of the corresponding bin. 

For the 4637 craters for which d ≥ 0.1 km, the mean value

of d / D , i.e., the ratio of the depth to diameter of crater, is

0.065 ± 0.023. Fig. 9 shows a histogram of the ratio d / D of the 4637

craters binned in 0.01 increments of d / D . The peak of the distribu-

tion is between 0.05 and 0.06, and there are 4225 craters (91.1%)
ith a d / D of less than 0.10. Fig. 10 shows the variation in d / D

f craters with a particular diameter. The d / D of craters less than

0 km in diameter varies from 0.02 to 0.16 with a mean value of

.065 ± 0.02; however, for the larger craters, this value clearly de-

reases. 

To obtain a reliable statistic for the ellipticity of the craters,

e first removed the results with large relative errors in the el-

ipse fitting (i.e., σ 0 divided by the length of the major axis of

he fitted ellipse must be less than 0.20), and we further removed

raters for which fewer than 10 points were used to fit the ellipse.

inally, we only selected craters larger than 2.0 km and ε > 1.12

see Fig. 3 in Robbins and Hynek, 2012a ). As a result, 742 craters

re included in the calculation. Fig. 11 a shows the histogram and

ig. 11 b shows the distribution with respect to crater diameter.

t can be seen that craters with an ellipticity larger than 1.2 are

hose craters less than 50 km in diameter, indicating that the el-

ipticity is less affected by the slope and impact angle in the

ormation of large craters. For craters less than 20 km in diam-

ter the ellipticity varies greatly, which is probably because the

actors contributing to the ellipse craters’ formation play much

ore important role in the formation of small craters than large

raters. 

Fig. 12 presents a histogram of the azimuths of the major axis

f the craters shown in Fig. 11 . The mode of their distribution is

enerally uniformly distributed in different directions, except for

raters with azimuths of −90 ° to −80 °, −40 ° to −30 °, 30 °–40 °,
nd 50 °–70 °, which are relatively lower to the mean in number. In

ddition, craters with azimuths of −20 ° to −10 ° are most densely

istributed. If the azimuths of major axis were consistent with the

mpact direction, the results implicate that (4) is almost randomly

ombarded by projectiles. 

. Comparison with previous studies 

.1. Comparison with previous results 

Focusing on the study of the d / D of craters across the surface

f (4) Vesta, Vincent et al. (2014) selectively mapped 1025 craters
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Fig. 6. Global distribution of craters on the (4) Vesta surface. (a) Top panel: global crater distribution as a simple cylindrical projection; (b) bottom panel: the density map 

of all craters with a D ≥ 0.7 km as a Mollweide projection (in number of craters per 10 4 km 

2 ), which ensures that the crater density was calculated over the same area at 

different latitudes. 
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anging from 1.5 to 64 km in diameter. Their results show that d / D

as the range 0.05–0.35 and a mean value of 0.17 ± 0.01. More-

ver, there are two peaks at 0.15 and 0.19 in the histogram pre-

ented by Vincent et al. (2014) . In our crater database, there are

297 craters larger than 1.5 km in diameter, among which there are

635 craters deeper than 0.1 km, almost the same as the selected

raters shown in Fig. 10 . The maximum d / D of those craters is 0.16

ith a mean value of 0.065 ± 0.023, and there is only one peak

t 0.04–0.05, instead of two peaks in the results by Vincent et al.

2014) . In addition, there are 22 craters with obvious ejecta among

hese craters in this study. Moreover, the mean value of the d / D of

hese 22 craters is 0.100 ± 0.021, which is also less than the value

btained by Vincent et al. (2014) . The difference between our re-

ults and those of Vincent et al. (2014) arises mainly from the DEM

sed in deriving depth. Moreover, a product obtained using stereo-

hotoclinometry is used in their research, which is usually with

reat uncertainties ( Bourke et al., 2006 ), while a product obtained
sing stereo-photogrammetry is used in our research. Another rea-

on for the difference is that many degraded craters are included

n our crater database, which will have a smaller d / D relative to

ther craters. 

To verify our results, a method of shadow measurements, which

as used in earlier studies and can give a rough information of the

rater depth (see Melosh, 1989 ), was applied to four craters with

he calibrated DAWN data ( https://sbn.psi.edu/pds/resource/dawn/

wnvfcL1.html ). Fig. 13 shows two images in which four craters

ere selected to measure the depth with the method of shadow

easurements. The measurements are based on local coordinate

ystem. Table 2 lists the related information to the images and se-

ected craters. It is clear that our results are much closer to the

hadow measurements than that of Vincent et al. (2014) . The dif-

erence between our results and the shadow measurements are

ainly due to the fact that the rim shadow doesn’t exactly pass

hrough the crater center. Therefore, our stereo-photogrammetry

https://sbn.psi.edu/pds/resource/dawn/dwnvfcL1.html
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Fig. 7. Global distribution of crater centers with respect to the topography on the (4) Vesta surface. The crater center refers to the fitted circle center with rim points. In 

this histogram, the craters are binned from −22.0 km to 19.0 km every 1.0 km, and the elevation refers to the left border (the smaller value) of each bin. 

Fig. 8. Global distribution of crater depth for d ≥ 0.1 km on the (4) Vesta surface. There are 4637 craters included in the analyses, and most of them ( ∼95.0%) are less than 

1.0 km in depth. Craters are binned from 4.5 km to 0.1 km every 0.1 km, and the crater depth refers to the left border (the smaller value) of the bin. 
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Fig. 9. Histogram of the d / D ratio of the 4637 craters for which d ≥ 0.1 km. The peak of the distribution is between 0.05 and 0.06, and there are 4225 craters (91.1%) with a 

d / D of less than 0.10. 

Fig. 10. Relationship between the ratio of d / D and diameter of the 4637 craters ( d > 0.1 km) on the (4) Vesta surface. 

Table 2 

Information for the shadow measurements to the craters in Fig. 13 . 

Image No. tm-FC21B0 0 07808_11274122624F6F1 tm-FC21B0011757_11300022743F2C1 

Incidence angle ( °) 80.10 79.61 

Crater ID A B C D 

Rim shadow length (m) 13,134.36 10,435.17 12,557.61 11,548.85 

Crater depth from shadow measurements (m) 2293.13 1821.88 2302.29 2117.34 

Crater depth in our results (m) 2311.69 1913.24 2170.60 2258.66 

Absolute relative error to our results (%) 0.80 4.78 6.07 6.26 

Crater depth by Vincent et al. (2014) (m) 4471.55 4113.84 4249.34 4023.91 

Absolute relative error to Vincent et al. (2014) (%) 95.00 125.80 84.57 90.05 
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Fig. 11. Histogram of the ellipticity > 1.12 of the selected 742 craters, generated from ellipse fittings for craters with diameters larger than 2.0 km that used no fewer than 10 

rim points and had small relative residual errors. (a) Top figure: Ellipticity versus crater number; (b) bottom figure: ellipticity versus crater diameter (obtained from fitted 

circles). 
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based statistic can lead to a reliable and comprehensive analysis

of the crater morphology. 

5.2. Comparison with craters on other bodies 

The relationship of crater depth d and diameter D has been

widely used to describe the shape of craters. It is often simply

combined into the ratio d / D , and a power law with the form of

d = c 1 D 

c 2 has also been used. However, for simple craters on ter-

restrial planets, c 2 usually approaches 1.0 (e.g., Pike, 1974, 1980 ;

Cintala and Mouginis-Mark, 1980 ), and then c 1 is equivalent to

d / D . In earlier studies, Pike (1974) measured 204 fresh lunar craters

smaller than about 15 km in diameter and derived that the pa-

rameter of d / D is about 0.2, which was accepted in many stud-

ies (e.g., Wood and Anderson, 1978 ; Melosh, 1989 ). This parame-
er is similar for simple craters on other terrestrial planets such as

ars (e.g., Pike, 1980 ; Cintala and Mouginis-Mark, 1980) and Mer-

ury ( Barnouin et al., 2012 ). However, d / D is ∼0.11 for the fresh

econdary craters on the Moon ( Pike and Wilhelms, 1978 ) and is

0.08 for such craters on Mars ( McCord et al., 2012 ). Therefore,

he d / D of the fresh craters on the surface of (4) Vesta is similar

o those of the secondaries on the Moon and Mars, assuming our

tereo-photogrammetry measurements are correct. In addition, we

peculate that the seismic shaking of the asteroid from later im-

acts results in a difference in the mean values of d / D for craters

n the surface of (4) Vesta compared with those on the Moon and

ars, as studied before (e.g., Asphaug and Melosh, 1993; Green-

erg et al., 1996; Richardson et al., 2005 ). As a result, the crater

iameter increases while the depth decreases, and these two ef-

ects jointly lower the value of d / D . 
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Fig. 12. Histogram of the azimuths of the major axis of the 742 craters shown in Fig. 11 . The azimuths of the craters are binned every 10 ° from −90 ° to 90 ° The horizontal 

line indicates the mean value of the number of craters. 

Fig. 13. Shadow measurements to the depth of four craters in calibrated DAWN images, and the measurements are based on local coordinate system. Craters A, B, C, and 

D are selected for shadow measurement, in which the white lines represent the shadow of the rim. The information of the images and crater measurements are listed in 

Table 2 . 
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As to the small bodies ( Table 3 ), Carr et al. (1994) measured the

epth and diameter of craters on (951) Gaspra and found that pa-

ameter d / D varies from ∼0.03 to ∼0.125. Sullivan et al. (1996) an-

lyzed the morphologies of craters on (243) Ida, and derived a

 / D of ∼0.025 to ∼0.15 with the highest values corresponding

o the fresh craters. However, the above two measurements were

arried out using photoclinometry with considerable uncertainties

e.g., the error bars might be 20% for crater depths and 10% for

rater diameters, Sullivan et al., 1996 ). Thomas et al. (1999) found

he d / D of a few available craters on (253) Mathilde varying from

0.12 to ∼ 0.25, however, the uncertainties were at least 25%.

obinson et al. (2002) mapped the craters on the surface of (433)

ros and obtained their depths mostly by shadow measurements;

hey estimated the d / D of these craters to be 0.13 ± 0.03, although
he freshest craters approach ∼0.2. Shingareva et al. (2008) mea-

ured six craters from 1.8 to 8.6 km in diameter on the surface of

hobos using five stereo pairs of images from the High Resolution

tereo Camera of the Mars Express and concluded that their d / D

aries from 0.15 to 0.24. Hirata et al. (2009) identified 38 craters

n the surface of (25143) Itokawa and measured the depth as the

istance from the center of the crater to the extrapolated surface

ccording to the surrounding curvature. They then derived a d / D

f 0.08 ± 0.03 with uncertainties of ∼25% for large craters or 0.1–

.3 m for smaller craters using the estimated depth. Vincent et al.

2012 b) measured the depths of 125 craters on the surface of (21)

utetia according to the shadows, and found that their d / D of these

raters varies from 0.05 to 0.3 with a peak at ∼0.12. Besse et al.

2012) mapped 46 craters on the surface of (2867) Steins
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Table 3 

Statistics of d / D of simple craters for different bodies. 

Object d / D Reference 

Moon, Mars, Mercury 0.2 ( Barnouin et al., 2012; Pike, 1974; Pike, 1980 ) 

Gaspra 0.125 a ( Carr et al., 1994 ) 

Ida 0.154 a ( Sullivan et al., 1996 ) 

Mathilde 0.12–0.25 ( Thomas et al., 1999 ) 

Eros 0.13 ± 0.03 ( Robinson et al., 2002 ) 

Rocky bodies Phobos 0.15–0.24 ( Shingareva et al., 2008 ) 

Itokawa 0.08 ± 0.03 ( Hirata et al., 2009 ) 

Lutetia 0.12 b ( Vincent et al., 2012b ) 

Steins 0.055–0.2 ( Besse et al., 2012 ) 

Ceres 0.06 ± 0.04 (Gou et al., 2017) 

Vesta 0.168 ± 0.01 ( Vincent et al., 2014 ) 

Vesta 0.065 ± 0.023 This study 

a Fresh craters. 
b Peaks of statistic. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

p  

s  

s  

t  

a  

s  

c  

a  

t  

t  

r  

t  

(  

b  

1  

t  

o  

c  

i

 

o  

f  

r  

A

 

a  

L  

t  

t  

f  

m  

T  

t  

s  

s  

t  

b  

4  

o  

a  

t  

o  

C

ranging from 150 to 2100 m in diameter and derived that the d / D

of these craters varies from 0.04 to 0.25 with a center of 0.10. Re-

cently, Gou et al. (2018) made a global catalogue of Ceres impact

craters and derived the d/D of fresh craters, which are 0.11 ± 0.04

and 0.06 ± 0.04, respectively. They also used DEMs produced using

stereo-photogrammetry and the same techniques presented here.

Therefore, the results of the Vestan craters derived in this research

is generally consistent with those craters on the surface of Ceres

and (25143) Itokawa, although smaller than most of the craters on

other small bodies. 

We speculate the following reasons for this difference: (1) The

depths of the craters on other small bodies are mostly based on

results using the photoclinometry method, which usually leads to

large uncertainties. Some uncertainties cannot even be estimated,

as pointed out by the above studies. In contrast, our results are

based on the photogrammetry method using stereo images, which

is more reliable in measuring depth. (2) There are usually a few

simple craters that can be distinguished from the available im-

ages in the above studies, and some more degraded craters may be

discovered if high resolution images are provided. These degraded

craters will decrease the mean value of d / D of the craters. (3) In

most of the above studies, topographic correction is not considered

when measuring crater depth, which would greatly lower the ratio

of d / D , especially for craters on small bodies. 

Bottke et al. (20 0 0) investigated nine lunar maria regions and

found that ∼5.4% of the surveyed craters had an ε ≥ 1.2, and this

fraction does not change significantly with size. For craters larger

than 1.7 km on Venus, Bottke et al. (20 0 0) found the fraction was

up to 22% for ε ≥ 1.2, while it drops to 14% for craters with di-

ameters D ≥ 20 km and then remains unchanged for larger val-

ues of D . According to the Mars crater database by Robbins and

Hynek (2012a) , there are 205,249 (53.40%) with ε ≥ 1.1, 66,441

(17.29%) craters with ε ≥ 1.2, and 24,644 (6.41%) craters with ε ≥ 1.3

out of a total of 384,343 craters. Generally, the fraction of craters

with ε ≥ 1.2 is similar for the lunar maria and surface of (4) Vesta,

while it is more for Venus and Mars. However, when survey-

ing craters on lunar maria, Bottke et al. (20 0 0) excluded those

craters within obvious rays, which are probably secondaries and

usually have higher ε (one salient difference between primary and

secondary craters is circularity; Pike and Wilhelms, 1978 ), which

would artificially bring the value lower than that for Venus and

Mars, which do not exclude any measured craters. Thus, the rea-

son for the difference between Vesta and other worlds is probably

because few secondaries exist on the surface of (4) Vesta due to

the relative low escape velocity. 

6. Conclusions 

The aim of this work was to create a global database of the

craters on (4) Vesta and perform some initial statistical and mor-
hometric analyses. Based on the results of a completeness analy-

is, 11,605 craters larger than 0.7 km (10 pixels in the HAMO mo-

aic) in diameter were included in this database. Initial analyses of

he global distribution, diameter, ellipticity, azimuth of the major

xis of the fitted ellipse, depth, and d / D were performed. There are

everal areas with high concentrations in the distribution of these

raters, while the polar regions and the area near Crater Marcia

re less populated. We developed a method to precisely measure

he diameter and depth by considering local topographic correc-

ion, and other parameters were derived by fitting the identified

im points with a circle and ellipse. Our measurements show that

he d / D on the surface of (4) Vesta is similar to that found on

25143) Itokawa and is smaller than that of craters on other solid

odies. The fraction of craters with an ellipticity larger than 1.1 or

.2 is less than it is for craters on the Martian surface, which is at-

ributed to the fact that few secondary craters exist on the surface

f (4) Vesta. In addition, the azimuth of the fitted ellipses for the

raters is approximately uniformly distributed, indicating that the

mpact angles are consistent with being random. 

The database of the global craters of (4) Vesta has a variety

f potential applications, such as geologic mapping and as tracers

or surface processes. Moreover, it can play an especially important

ole in age dating, which is a task we plan to do in the near future.
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ppendix A. Uncertainties in the circle- and ellipse-fit 

arameters 

Many parameters in this crater database are from circle- and

llipse-fittings, and the uncertainties of these parameters are de-

ived below. 

Denoting the central location and radius of the fit circle by

( ̂  α, ˆ β) and 

ˆ R , the perpendicular distances from the identified rim

oints to the circle are: 

 i = 

√ (
x i − ˆ α

)2 + 

(
y i − ˆ β

)2 

− ˆ R . (A.1) 

This equation can be linearized as follows: 

 i = 

√ 

x 2 
i 

+ y 2 
i 

+ 

∂v 
∂ ̂  a 

ˆ a + 

∂v 
∂ ̂  b 

ˆ b + 

∂v 
∂ ̂  R 

ˆ R . (A.2)

The above equation is rewritten in matrix form as: 

 = B ̂

 x − L, (A.3) 

here V = 

⎡ 

⎢ ⎣ 

v 1 
. . 
. 

v n 

⎤ 

⎥ ⎦ 

, 

 = 

⎡ 

⎢ ⎢ ⎣ 

(
∂v 
∂ ̂ α

)
1 

(
∂v 
∂ ̂  β

)
1 

(
∂v 
∂ ̂ R 

)
1 

· · · · · · · · ·(
∂v 
∂ ̂ α

)
n 

(
∂v 
∂ ̂  β

)
n 

(
∂v 
∂ ̂ R 

)
n 

⎤ 

⎥ ⎥ ⎦ 

, 

ˆ 
 = 

⎡ 

⎣ 

ˆ α
ˆ β
ˆ R 

⎤ 

⎦ , 

nd L = −

⎡ 

⎣ 

√ 

x 2 
1 

+ y 2 
1 

· · ·√ 

x 2 n + y 2 n 

⎤ 

⎦ . 

When fitting the circles, the principle is to minimize the sum

f squares of v i , i.e., 

 

T V = 

n ∑ 

i =1 

v 2 i = min . (A.4) 

The errors of the resultant ( ̂  α, ˆ β) and 

ˆ R can be calculated ac-

ording to the error propagation law: 

ˆ ˆ X 
= ˆ σ0 

√ 

Q ˆ X ̂  X 
, (A.5) 

here ˆ σ ˆ X 
has three elements denoting the error of ˆ α, ˆ β , and 

ˆ R .

oreover, ˆ σ0 is the standard error of a unit weight, Q ˆ X ̂  X 
is the co- 

actor matrix, and they are respectively calculated as follows: 

ˆ 0 = 

√ 

V 

T V 

n − 3 

, (A.6) 

 ˆ X ̂  X 
= 

(
B 

T B 

)−1 
. (A.7) 

The errors from ellipse fitting can be derived using a similar

ethod. In ellipse fitting, the residual from each rim point to the

esultant quadratic polynomial is: 

 i = 

ˆ a x 2 i + ̂

 b x i y i + 

ˆ c y 2 i + 

ˆ d x i + 

ˆ e y i + 

ˆ f . (A.8)

This equation can be linearized as follows: 

 i = 

∂v 
∂ ̂  a 

ˆ a + 

∂v 
∂ ̂  b 

ˆ b + 

∂v 
∂ ̂  c 

ˆ c + 

∂v 
∂ ˆ d 

ˆ d + 

∂v 
∂ ̂  e 

ˆ e + 

∂v 
∂ ˆ f 

ˆ f . (A.9)
We rewrite it in the form of Equation (A.3) again, and the cor-

esponding matrices are: 

 = 

⎡ 

⎣ 

v 1 
. . . 

v n 

⎤ 

⎦ , 

 = 

⎡ 

⎢ ⎢ ⎣ 

(
∂v 
∂ ̂ a 

)
1 

(
∂v 
∂ ̂ b 

)
1 

(
∂v 
∂ ̂ c 

)
1 

(
∂v 
∂ ̂  d 

)
1 

(
∂v 
∂ ̂ e 

)
1 

(
∂v 
∂ ̂  f 

)
1 · · · · · · · · · · · · · · · · · ·(

∂v 
∂ ̂ a 

)
n 

(
∂v 
∂ ̂ b 

)
n 

(
∂v 
∂ ̂ c 

)
n 

(
∂v 
∂ ̂  d 

)
n 

(
∂v 
∂ ̂ e 

)
n 

(
∂v 
∂ ̂  f 

)
n 

⎤ 

⎥ ⎥ ⎦ 

, 

ˆ 
 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

ˆ a 
ˆ b 
ˆ c 
ˆ d 
ˆ e 
ˆ f 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

, 

 = 

[ 

0 

· · ·
0 

] 

. 

The least-squares principle, as shown in Eq. (A.4) is also used

o fit ellipse, but with the additional constraint condition below

 Fitzgibbon et al., 1999 ). 

 ̂

 a ̂  c − ˆ b 2 = 1 (A.10) 

In ellipse fitting, we rewrite the above equation as 

 = 4 ac − b 2 − 1 , (A.11)

here w denotes the residual error for the fitted parameters. This

quation can also be linearized as 

 c · ˆ a − 2 b · ˆ b + 4 a · ˆ c − 1 + w = 0 . (A.12)

Alternatively, it can be rewritten in the form below: 

 ̂

 x + W x = 0 , (A.13)

here ˆ x = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

ˆ a 
ˆ b 

ˆ c 
ˆ d 

ˆ e 
ˆ f 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

, 

 = 

[
4 c −2 b 4 a 0 0 0 

]
, 

 x = −1 + w. 

Thus, Eq. (A.3) and (A.13) are the basic equations for evaluating

he errors of each fitted parameter, which can be expressed again

s Equation (A.5) but with a different expression for Q ˆ X ̂  X 
: 

 ˆ X ̂  X 
= N 

−1 
BB − N 

−1 
BB C 

T N 

−1 
CC CN 

−1 
BB , (A.14)

here 

 BB = B 

T B (A.15) 

nd 

 CC = C N 

−1 
BB C 

T . (A.16) 

The errors for the center location, the orientation of the major

xis, and the lengths of minor and major axes of the fitted ellipse

an be derived from ˆ x according to the relationships between them

nd these coefficients using the law of error propagation. 
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Supplementary materials 

Supplementary material associated with this article can be

found, in the online version, at doi: 10.1016/j.icarus.2018.04.006 . 
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