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Abstract Theoretical studies of the diffusional isotope 
effect in solids are still stuck in the 1960s and 1970s. With 
the development of high spatial resolution mass spectrom-
eters, isotopic data of mineral grains are rapidly accumu-
lated. To dig up information from these data, molecular-
level theoretical models are urgently needed. Based on the 
microscopic definition of the diffusion coefficient (D), a new 
theoretical framework for calculating the diffusional isotope 
effect  (DIE(v)) (in terms of D*/D) for vacancy-mediated 
impurity diffusion in solids is provided based on statistical 
mechanics formalism. The newly derived equation shows 
that the  DIE(v) can be easily calculated as long as the vibra-
tion frequencies of isotope-substituted solids are obtained. 
The calculated  DIE(v) values of 199Au/195Au and 60Co/57Co 
during diffusion in Cu and Au metals are all within 1% of 
errors compared to the experimental data, which shows that 
this theoretical model is reasonable and precise.

Keywords Vacancy diffusion · Diffusional isotope effect · 
Statistical mechanics

1 Introduction

In solids, diffusion is the only way for atoms to migrate. 
Isotopes of the same element have small differences in their 
migration rates because of their mass. This phenomenon 
is called the diffusion isotope effect (DIE). The DIE can 
lead to kinetic isotope fractionation along the grain profiles 
of solids. The study of DIE in solids can therefore help us 
understand the mechanisms of diffusion in solids. The DIE 
can also be used to study ionic conductivity (Kalyagin et al. 
2008) and to enrich certain isotopes (Morita and Hoshino 
2020) in the field of materials science. In geosciences, the 
study of the DIE is the basis of diffusional chronology, and 
it has the potential to provide thermal history information 
under high time resolution for geologic processes (Zhang 
and Cherniak 2010).

With the development of mass spectrometers with 
high spatial resolution, data on isotopic compositions at 
the particle/grain scale have rapidly accumulated (Trull 
and Kurz 1993; Mueller et al. 2014; Richter et al. 2014), 
but the interpretation of those data is still insufficient 
due to the lack of theoretical models. The DIE is usually 
expressed as the ratio of the diffusion coefficient (D*/D) 
(*denotes the one involving heavy isotopes for all sym-
bols in this study). The theoretical treatment of DIE has 
remained at the same level as in the 1960s and 1970s. 
However, classical diffusion theory, which is based on 
classical transition state theory (TST) (Eyring 1935), 
employs many approximations and assumptions, e.g., the 
one-atom hypothesis (Wert and Zener 1949; Wert 1950), 
the high-temperature approximation relation (Vineyard 
1957; Le Claire 1966), and the neglect of quantum effects 
(Kobayashi and Hoshino 2018). These approximations can 
lead to large errors in the calculation of DIEs, especially at 
room or not high temperatures. Li et al. (2023) evaluated 
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these approximations. They considered quantum effects 
and provided a proper method for calculating the DIE for 
diffusion in solids with the interstitial mechanism.

Similarly, these approximations and assumptions can 
also influence the  DIE(v) for vacancy diffusion, which is the 
most common form of diffusion in minerals. Therefore, a 
higher-level theoretical method for determining the isotope 
effect of vacancy diffusion is needed. In this study, starting 
from the microscopic expression of the diffusion coefficient 
(D), a new  DIE(v) calculation equation under the vacancy 
diffusion of impurity atoms in solids is provided based on 
quantum mechanics and statistical thermodynamics. Then, 
the calculated  DIEs(v) of the four systems, which have well-
constrained experimental data, are compared with the exper-
imental data to check the reliability of this new method.

2  Methods

In this study, self-diffusion refers to the diffusion process 
of principal atom A in solvent atom A; tracer diffusion 
refers to the diffusion process of isotope  A* of principal 
atom A in solvent atom A; and impurity diffusion is also 
called solute diffusion and refers to the diffusion process of 
impurity X with a very low concentration in solvent atom 
A (Philibert 1991). Because the atoms of interest in this 
study are  A*, X and their isotope  X*, whose masses are 
different from that of A, they are collectively referred to as 
impurity atoms. This study focuses on the vacancy diffu-
sion of impurity atoms, which can also be called vacancy-
mediated impurity diffusion.

In solids, diffusion is accomplished by the migration of 
defects. Defects in solids include point defects, line defects, 
and plane defects. This work involves the diffusion of point 
defects (impurities or vacancies) inside solids, where atoms 
migrate by the continuous jumps of defects. Vacancy diffu-
sion is the process of impurity atoms jumping into the near-
est neighboring vacancies. In the random walk theory, the 
impurity atom diffuses with a monovacancy mechanism, and 
the microscopic expression of D is (Mehrer 2007):

a is the lattice parameter, and f is the correlation coefficient, 
indicating the degree of deviation from the random walk in 
two successive jumps. In the interstitial diffusion mecha-
nism, there is no correlation between successive jumps, i.e., 
f = 1; for the vacancy diffusion mechanism, there is usually 
a correlation between them, f < 1 (Mehrer 2007). Γ is the 
jump rate of the impurity atom to the adjacent vacancy and 
represents the number of atom jumps (n) per unit of time (t). 
For different isotopes, a is the same, therefore:

(1)D = a2� f

The most essential formula for f was suggested as follows 
(Bardeen and Herring 1952):

Here, n is the number of atom jumps in a cubic lattice, 
and � is the angle between two successive jumps (i, j), 
therefore, f only depends on the angle � . Under completely 
random conditions, 

−∑n−1

i=1

∑n−i

j=1
cos�i,i+j= 0 , but vacancy 

diffusion is not completely random, which means that 
−∑n−1

i=1

∑n−i

j=1
cos�i,i+j≠ 0 . It has been shown (Jing 2022) that 

the θ between two jumps for the impurity atoms is related 
to the exchange mechanism between vacancy and solvent 
atoms, which is related to the binding energy between them, 
and it is independent of the isotope mass of the impurity 
atoms. As a result, the θ values for the isotopes of impurity 
atoms are the same, and the ratio f ∗∕f  is 1. This demon-
strates that the effect of f cannot be ignored when analyzing 
the absolute value of D for vacancy diffusion. Therefore, 
when the impurity concentration and vacancy concentration 
are very low, the effect of f ∗∕f  can be neglected, and  DIE(v) 
can be expressed as,

In vacancy-mediated self-diffusion, Γ, in which an atom 
jumps to a given vacancy, can be expressed as

where,w is the exchange frequency between a jumping atom 
and a vacancy, and Ceq

1V
 represents the probability of forming 

a vacancy in the crystal at thermodynamic equilibrium. In 
statistical thermodynamics at thermal equilibrium, Ceq

1V
 is 

obtained by (Mehrer 2007)

where, ΔGF
1V

 is the Gibbs free energy of forming only one 
vacancy (V) in a perfect crystal. kB is the Boltzmann con-
stant, and T is the Kelvin temperature.

For vacancy-mediated impurity diffusion, we must con-
sider attractive or repulsive interactions between impurity 
atoms and vacancies. We need to recalibrate the probability 
P of forming a vacancy in the nearest neighbor position of 
the impurity (X). The difference between the probability P 

(2)
D∗

D
=

� ∗f ∗

� f

(3)f = 1 +
2

n

n−1∑
i=1

n−i∑
j=1

cos�i,i+j

(4)
D∗

D
=

� ∗

�

(5)Γ = wC
eq

1V

(6)C
eq

1V
= exp

(
−
ΔGF

1V

kBT

)
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and the probability Ceq

1V
 is the Gibbs free energy of binding 

ΔGB
X−V

 for the impurity-vacancy pair (X-V). For ΔGB
X−V

> 0 
(ΔGB

X−V
< 0), P is enhanced (reduced) concerning Ceq

1V
 . P is 

given by the Lomer equation (Lomer 1958):

Thus, we can obtain the jump rate Γ of impurity atoms 
for vacancy-mediated impurity diffusion,

Therefore,  DIE(v) is

The  DIE(v) will then be split into three sections accord-
ing to the right-hand side of Eq. (9), each of which will be 
discussed below.

2.1  Exchange frequency (w)

The TST was used to address the jump of atoms from one 
position to another in solids, and this jump needed to cross 
an energy barrier. Wert and Zener (1949) suggested that w 
can be expressed as

where v0 is the attempt frequency of the jumping atom, and 
ΔGM is the Gibbs free energy of the jumping atom migration 
(the energy difference between the transition state and the 
initial state). When interstitial diffusion occurs, the inter-
stitial position itself is present, and no formation energy 
is needed. Hence, the probability of forming an interstitial 
adjacent to the jumping atom is 1. This means that only w 
needs to be considered when calculating Γ. For interstitial 
diffusion, the DIE (D*/D) equals the ratio of the exchange 
frequency (w*/w).

Under the classical limit, w*/w is reduced to the classical 
rate theory (Vineyard 1957; Schoen 1958) and is given as

However, it includes several approximations, such as the 
one-atom hypothesis and the high-temperature approxi-
mation, which can lead to large errors in the calculations, 

(7)

P = C
eq

1V
exp

(
ΔGB

X−V

kBT

)
= exp

(
−
ΔGF

1V

kBT

)
exp

(
ΔGB

X−V

kBT

)

(8)

Γ = wC
eq

1V
exp

(
ΔGB

X−V

kBT

)
= wΔ exp

(
−
ΔGF

1V

kBT

)
exp

(
ΔGB

X−V

kBT

)

(9)
D∗

D
=

Γ∗

Γ
=

w∗

w

exp
(
−

ΔGF
1V

kBT

)∗

exp
(
−

ΔGF
1V

kBT

)
exp

(
ΔGB

X−V

kBT

)∗

exp
(

ΔGB
X−V

kBT

)

(10)w = v0 exp

(
−
ΔGM

kBT

)

(11)
w∗

w
≅

√
m

m∗

especially at low temperatures. Li et al. (2023) improved the 
TST to reconstruct the theoretical derivation of w, modified 
the approximation of previous theories and quantum effects, 
and obtained an improved equation for w in solids:

vTS is the imaginary vibrational frequency of the TS, and Qvib 
is the vibrational partition function. For the ratio of w for 
heavy and light isotopes,

Which

Based on the Born‒Oppenheimer approximation (BOA), 
the difference in electron energy Eelec and volume work PV  
is considered to be 0 before and after the light and heavy 
isotopes are replaced. Equation (13) can also be used for 
vacancy-mediated impurity diffusion, therefore, we obtain

A schematic diagram of the energy items in Eq. (16) is 
shown in Fig. 1a.

2.2  Vacancy formation Gibbs free energy ( ΔGF

1V
)

The Gibbs free energy of formation ( ΔGF
D
 ) of defects (impu-

rities or vacancies) in the charge state (q) is defined as (Van 
de Walle and Neugebauer 2004)

GD is the Gibbs free energy for a crystal containing 
defects, Gbulk is the Gibbs free energy for a perfect crystal 
without any defects, ni represents the number of atoms (host 
atoms or impurity atoms) that have been added to ( ni > 0) 
or removed from ( ni < 0) the supercell when the defect is 
created, and μi is the corresponding chemical potential of the 
atom. GFermi is the Fermi level, Gv is the Gibbs free energy of 
the bulk valence-band maximum, γ is a correction term, and 

(12)w = vTS

(
QTS

vib

QIS
vib

)
���

(
−
ΔEelec

kBT

)
���

(
−
Δ(PV)

kBT

)

(13)

w∗

w
=
(
v∗

v

)TS

(
Qvib

∗

Qvib

)TS

(
Qvib

∗

Qvib

)IS
���

(
−
ΔΔEelec

kBT

)
���

(
−
ΔΔ(PV)

kBT

)

(14)ΔΔEelec =
(
E∗
elec

− Eelec

)TS
−
(
E∗
elec

− Eelec

)IS

(15)ΔΔ(PV) = (P∗V∗ − PV)
TS − (P∗V∗ − PV)

IS

(16)
w∗

w
=
(
v∗

v

)TS

X−V

(
Qvib

∗

Qvib

)TS

X−V(
Qvib

∗

Qvib

)IS

X−V

(17)ΔGF
D
= GD − Gbulk −

∑
ni�i + q

(
GFermi + Gv + �

)
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q is the charge carried by the defects. In this study, a system 
with only one vacancy and a charge of 0 is considered.

Therefore, the vacancy formation Gibbs free energy ΔGF
1V

 
can be rewritten as

where G1V is the Gibbs free energy for a crystal containing 
only one vacancy and �atom is the atomic potential of the 
removed atom in the crystal.

Both Fig. 1b and Eq. (18) show that there are no terms 
related to the mass of the impurity atoms. Therefore, ΔGF

1V
 

is the same before and after replacing the light and heavy 
isotopes of the impurity atoms. Similar to the case of f, 
although the influence of ΔGF

1V
 in D cannot be neglected, its 

influence on the isotope effect of vacancy-mediated impurity 
diffusion can be canceled. It can be expressed as

2.3  Impurity‑vacancy binding Gibbs free energy 
( ΔGB

X−V
)

Crystal defects are not only impurities or vacancies alone, 
impurity-vacancy pairs can also coexist. In this case, we 
need to consider the interaction between impurities and 
vacancies, and the Gibbs free energy of binding ΔGB

X−V
 can 

be defined as (Ohnuma et al. 2009)

(18)ΔGF
1V

= G1V − Gbulk + �atom

(19)
���

(
−

ΔGF
1V

kBT

)∗

���

(
−

ΔGF
1V

kBT

) = 1

(20)ΔGB
X−V

= GX + G1V − GX−V − Gbulk

where GX is the Gibbs free energy of the system with only 
one replacement impurity, and GX−V is the Gibbs free energy 
of the system with a replacement impurity and a vacancy in 
its immediate neighborhood.

In Fig. 1c, GX−V and GX are associated with the impu-
rity atoms, which means that they might change after the 
light and heavy isotopes of the impurity atoms are replaced. 
Therefore, we can derive the following equation:

2.4  Equation of the isotope effect of vacancy‑mediated 
impurity diffusion  DIE(v)

Inspired by the method of calculating isotope equilibrium 
fractionation coefficients (Bigeleisen and Mayer 1947; Urey 
1947), we transfer the energy terms involving the isotope 
effects into the partition function (Q) and then transform Q 
into the vibration frequencies of related isotope-substituted 
compounds. We ignore the volume change ( ΔV  ) caused by 
the substitution of isotopes. The relationship between the 
Gibbs free energy ( G ) and Q is

where F is the Helmholtz free energy. The total Q of solids is 
composed of the electron partition function Qelec and vibra-
tional partition function Qvib of the system, so,

(21)
���

(
ΔGB

X−V

kBT

)∗

���

(
ΔGB

X−V

kBT

) =
���

(
GX

kBT

)∗

���

(
GX

kBT

)
���

(
GX−V

kBT

)

���

(
GX−V

kBT

)∗

(22)G = F + PΔV ≈ F = −RTlnQ

(23)Q = Qelec ∙ Qvib

Fig. 1  a Schematicdiagram 
of vacancy-mediated impuri-
tyjump. The left, middle and 
right of this figure correspondto 
the initial state (IS), the transi-
tion state (TS), and the final 
state (FS), respectively. b Physi-
cal image of the vacancy forma-
tion Gibbs free energy.The left, 
middle and right of this figure 
correspondto the systems of the 
three energy items in Eq. (18).c 
Physical image of theimpurity- 
vacancy binding Gibbs free 
energy.The four pictures in this 
figure correspondto the systems 
of four energy items in Eq. (20)
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Qelec are not significantly different for heavy and light 
isotopes. Then, we can deduce that

Combining Eq. (16), Eq. (19) and Eq. (21), Eq. (9) can 
be expressed as

where Qvib is only related to the harmonic vibration frequen-
cies ( v ) (McQuarrie and Simon 1999), and Eq. (25) can be 
expanded by

This is the equation for the isotope effect in vacancy dif-
fusion for impurity atoms. where u =

hv

kBT
 , v is the harmonic 

vibration frequency, X and V in the subscript of the equation 
denote the impurity and the vacancy, respectively, and TS 
and IS in the superscript of the equation denote the transition 
state and initial structure, respectively. N is the number of 
atoms in the supercells of interest. Although the equation is 
complicated, all the parameters are the vibration frequencies 
of the impurity atoms and the surrounding system. The 
 DIE(v) can be easily calculated as long as the frequencies are 
obtained. Here, the vibration frequencies are obtained by 
first-principles calculations.

2.5  Calculation details

Based on density functional theory (DFT), all calculations 
used the Vienna Ab  initio Simulation Package (VASP) 
(Kresse and Hafner 1993; Kresse and Furthmüller 1996) 
to obtain crystal parameters and vibration frequencies. We 
selected the projected augmented wave (PAW) (Blöchl 1994; 
Kresse and Joubert 1999) to study the Coulomb interaction 
energy in these systems. The exchange–correlation func-
tional under the generalized gradient approximation (GGA) 
of Perdew-Burke-Ernzerhof (PBE) (Perdew et al. 1996) 
was used. This study selects 2 × 2 × 2 Cu supercells and Au 
supercells as the calculation systems and 199Au, 195Au, 60Co, 

(24)
���

(
ΔGB

X−V

kBT

)∗

���

(
ΔGB

X−V

kBT

) =

(
Qvib

∗

Qvib

)IS

X−V(
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∗
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)IS

X

(25)
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(
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∗
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X−V(
Qvib

∗
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.
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∗
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)IS
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X−V
∙

(
Qvib

∗

Qvib

)TS

X−V(
Qvib

∗
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(26)

D∗
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u∗
u

)TS

X−V
⋅
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⎢

⎢

⎢
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exp
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exp
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− ui
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1 − exp
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1 − exp
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⎤

⎥
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1 − exp

(
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1 − exp
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⎤

⎥

⎥

⎥
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IS

X

and 57Co as impurity atoms. The plane-wave energy cutoff of 
the Cu supercell was set to 400 eV and that of the Au super-
cell was set to 380 eV. The climbing image nudged elastic 
band method (CI-NEB) was used (Henkelman et al. 2000, 
2002; Henkelman and Jónsson 2000) to search for transition 
states during the diffusion processes. Structure optimization 
was implemented before performing the CI-NEB calcula-
tions, and a frequency calculation was also implemented for 
every optimized structure. We chose an EDIFFG value of 
−0.001 eV/Å in this study to obtain results with acceptable 
accuracy and precision.

3  Results

3.1  Equation of the isotope effect of vacancy‑mediated 
impurity diffusion  DIE(v)

Based on statistical mechanics, we obtained the general 
equation for the isotope effect of vacancy-mediated impurity 
diffusion  DIE(v), which is expressed by Eq. (26). The  DIE(v) 
can be easily calculated as long as the frequencies of the 
impurity atoms and the surrounding system are provided. 
Moreover, the vibration frequency can be obtained by first-
principles calculations.

3.2  Tested systems

To test the accuracy of Eq. (26), we calculated the DIEs(v) 
of 199Au/195Au and 60Co/57Co in Cu and Au metals (Fig. 2), 
which have well-constrained experimental data. Figure 3 and 
Table 1 show the DIE(v) for the four test systems and com-
parisons with the experimental data. At 1130 K and 1138 K, 
the D*/D of 60Co and 57Co in the Cu crystal is approximately 

Fig. 2  Schematic diagram ofthevacancy diffusion for impurity atoms 
(Au or Co) in a metal crystal (Cu or Au). Black boxes represent 
vacancies, red balls represent impurity atoms, and green balls repre-
sent solvent atoms
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0.976, and the experimental value (Eckseler and Herzig 1978) 
is approximately 0.979. The difference between this study 
and the experimental values is 0.27%–0.37%. At 1130 K and 
1142 K, the D*/D of 195Au and 199Au in the Cu crystal is 
approximately 0.9914, the experimental value (Eckseler and 
Herzig 1978) is approximately 0.9916–0.9919, and the dif-
ference is 0.02%–0.06%. At the corresponding temperature, 
the difference between 60 and 57Co in Au crystals between 
this study and the experimental values (Herzig et al. 1978) is 
0.35%–0.57%, and the difference between 195 and 199Au in Au 
crystals is 0.07%–0.17%. Using the data presented in Table 1, 
we compared our calculations and experimental D*/D values 
in Fig. 4. The resulting plot exhibits a straight line passing 
through the origin, with an  R2 value of 0.99999 and a slope 
of 1.003. This observation suggests that the predicted D*/D 
values are slightly underestimated by 0.3% compared to the 
experimental results. This close agreement indicates that 
Eq. (26) is both reasonable and precise.

4  Discussion

4.1  Comparison of the experimental and calculated 
results

The slight discrepancy between the experimental results and 
the calculated results is readily comprehensible. It has been 
suggested that D*/D measured in the experimental process 

Fig. 3  Comparisonsof the 
experimental results (D*/D) 
and those calculated by using 
the method provided in this 
study. The starsrepresent the 
valuesobtained in this study, 
and the solid dotsrepresent the 
experimental values. 64Cu was-
selected as the main component 
of Cu,and 197Au was selected 
as the main component of Au. 
Therefore, 195Au and 199Au 
can be regarded as impurities. 
aFrom Neumann 1987.bFrom 
Herziget al. 1978

Table 1  Comparison of D*/D between the experimental and our 
results

a From Eckseler and Herzig 1978. bFrom Herzig et  al. 1978. Since 
several experiments were conducted at the same temperature, the 
average values of the experimental results were selected in this work 
for comparison (For example, the first four rows in Table 1)

Tracer T/K [D*/D](Exp.) [D*/D](This study)

60Co/57Co in Cu 1130 0.9794 ± 0.0005a 0.9761507
60Co/57Co in Cu 1138 0.9790 ± 0.0005a 0.9761510
199Au/195Au in Cu 1130 0.9918 ± 0.0004a 0.9913753
199Au/195Au in Cu 1142 0.9919 ± 0.0004a 0.9913755
60Co/57Co in Au 1030.15 0.9821 ± 0.0003b 0.9784058
60Co/57Co in Au 1109.15 0.9819 ± 0.0006b 0.9783902
60Co/57Co in Au 1184.15 0.9821 ± 0.0003b 0.9783781
60Co/57Co in Au 1245.15 0.9827 ± 0.0004b 0.9783699
60Co/57Co in Au 1272.15 0.9836 ± 0.0003b 0.9783666
60Co/57Co in Au 1304.15 0.9837 ± 0.0004b 0.9783630
60Co/57Co in Au 1321.15 0.9840 ± 0.0003b 0.9783612
60Co/57Co in Au 1325.15 0.9840 ± 0.0003b 0.9783608
199Au/195Au in Au 1041.15 0.9929 ± 0.0003b 0.9919534
199Au/195Au in Au 1119.15 0.9927 ± 0.0003b 0.9919481
199Au/195Au in Au 1123.15 0.9931 ± 0.0004b 0.9919478
199Au/195Au in Au 1321.15 0.9934 ± 0.0003b 0.9919384
199Au/195Au in Au 1323.15 0.9931 ± 0.0002b 0.9919383
199Au/195Au in Au 1327.15 0.9935 ± 0.0003b 0.9919382
199Au/195Au in Au 1329.15 0.9934 ± 0.0002b 0.9919381
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is the result of various diffusion mechanisms acting together 
(Mehrer and Seeger 1970; Mehrer 1978; Peterson 1978; Wol-
lenberger 1983). Seeger and Mehrer (Mehrer and Seeger 1970) 
reported that divacancies (2 V) might be produced and that 
their concentration will increase with increasing temperature, 
especially when the temperature approaches the 2/3 melting 
point temperature (Tm) (Mehrer 1978; Peterson 1978). It is 
important to note that not all metal divacancy contributions 
become significant (greater than monovacancy contributions) 
when T > 2/3Tm. The contribution of divacancy varies for 
different metals at higher temperatures, and at least at tem-
peratures below 2/3Tm, vacancy diffusion in most metals is 
dominated by a monovacancy (Mehrer 2007).

A divacancy consists of two monovacancies on nearest-
neighbor lattice sites. In a real diffusion process, both mono-
vacancy diffusion (1 V) and divacancy diffusion (2 V) proceed 
at the same time. The total diffusivity of the impurity atom is 
the sum of their contributions. Here,

the Ctotal denotes the sum of contributions of all diffusion 
mechanisms, and the subscript indicates a specific diffusion 
mechanism.

For the four experimental systems selected in this 
paper, the divacancy contribution C2V for the diffusion 
processes of 60Co/57Co in Cu, 60Co/57Co in Au, and 
199Au/195Au in Au have been investigated experimentally 
(Eckseler and Herzig 1978; Herzig et al. 1978; Neumann 
1987), regardless of their proportion, and showed that the 
diffusion process is dominated by a monovacancy at and 

(27)Ctotal = C1V + C2V

below the melting point. Figure 3 shows the comparisons 
of the experimental results and those calculated in this 
study. The experimental values agree well with our theo-
retical calculations, which proves the diffusion process is 
dominated by the monovacancy mechanism because our 
theoretical model is a specific monovacancy mechanism. 
The slight discrepancy in Fig. 3 was found at higher tem-
peratures, which reveals the transformation of the diffusion 
mechanism at high temperatures, where the contribution 
of the divacancy mechanism increases. Perhaps there are 
other diffusion mechanisms, such as grain-boundary and 
dislocation-pipe diffusion.

On the other hand, we can roughly estimate the contri-
bution of the divacancy mechanism or other mechanism 
to the whole diffusion process in a certain temperature 
range if the isotope effect (D*/D) under each diffusion 
mechanism is used as an assessment of the contribution 
of the mechanism, then the C2V can also be expressed by:

Table 2 shows the C2V for the diffusion processes of 
60Co/57Co in Cu, 60Co/57Co in Au, and 199Au/195Au in 
Au (Eckseler and Herzig 1978; Herzig et al. 1978; Neu-
mann 1987), are approximately 13%–19%, 20%–33%, and 
10%–28%, respectively at experimental temperatures. The 
calculated values of C2V based on Eq. (28) are all within 
the range of experimental estimation (Herzig et al. 1978; 

(28)C2V =

||||
(

D∗

D
− 1

)
experimental

−
(

D∗

D
− 1

)
thisstudy

||||(
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D
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Fig. 4  Experimental plot of 
D*/D versus the calculated 
D*/D in this study
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Neumann 1987), suggesting the rationality and accuracy of 
Eq. (26) for monovacancy mechanisms. We also estimate 
that the C2V of 199Au and 195Au diffusion in Cu is approxi-
mately 2.8%–7.2% (Table 2), although there are no exper-
imental data. Table 2 shows that under the conditions of 
2/3Tm-Tm given in the experiment, the general trend of C2V 
increases with increasing temperature, as shown in Fig. 5, 
which is also consistent with most experimental observa-
tions (Rothman et al. 1970; Lam et al. 1973; Backus et al. 
1974). Therefore, the higher the temperature is, the greater 
the deviation of the experimental value from the theoretical 
value (see Table 1). Experimental diffusion is a comprehen-
sive process, and in addition to the contribution of mono-
vacancy diffusion, there are also contributions of divacancy 
and other diffusion mechanisms and experimental errors. 
Therefore, it is reasonable that the theoretically calculated 
value ([C2V](This study)) is slightly larger than the experimental 
value ([C2V](Exp.)) in Table 2. In theory, we can calculate the 
isotope effects under the monovacancy diffusion mechanism 
at any temperature. However, the evidence provided is lim-
ited to high-temperature conditions (Table 1), involving mul-
tiple mechanisms, mainly because there are no experimen-
tal D*/D data at low temperatures (where the monovacancy 
mechanism predominates) that fit our theoretical model. The 
available data, albeit within a limited temperature range, 
demonstrate a clear correlation between lower tempera-
tures and enhanced consistency with our calculated results. 
Consequently, despite the absence of direct evidence, the 
reliability of the model for low-temperature monovacancy 

Table 2  Contribution value C2V of the divacancy mechanism for the 
four systems

a Experiment estimated at Tm (1357 K) from Neumann 1987. bExperi-
ment estimated at Tm (1325 K) from Herzig et al. 1978

Tracer T/K [C2V](Exp.) [C2V](This study)

60Co/57Co in Cu 1130 0.15 ± 0.02
60Co/57Co in Cu 1138 0.14 ± 0.03
60Co/57Co in Cu 1357 0.18 ± 0.08a

199Au/195Au in Cu 1130 0.05 ± 0.05
199Au/195Au in Cu 1142 0.07 ± 0.05
60Co/57Co in Au 1030.15 0.21 ± 0.02
60Co/57Co in Au 1109.15 0.19 ± 0.03
60Co/57Co in Au 1184.15 0.21 ± 0.02
60Co/57Co in Au 1245.15 0.25 ± 0.02
60Co/57Co in Au 1272.15 0.32 ± 0.02
60Co/57Co in Au 1304.15 0.33 ± 0.03
60Co/57Co in Au 1321.15 0.35 ± 0.02
60Co/57Co in Au 1325.15 0.25 ± 0.05b 0.37 ± 0.03
199Au/195Au in Au 1041.15 0.13 ± 0.02
199Au/195Au in Au 1119.15 0.10 ± 0.05
199Au/195Au in Au 1123.15 0.17 ± 0.05
199Au/195Au in Au 1321.15 0.22 ± 0.04
199Au/195Au in Au 1323.15 0.18–0.22b 0.17 ± 0.04
199Au/195Au in Au 1325 0.20 ± 0.05b

199Au/195Au in Au 1327.15 0.23 ± 0.05
199Au/195Au in Au 1329.15 0.23 ± 0.03

Fig. 5  Comparisonsof experi-
mental values [C2V](Exp.) and 
those calculated [C2V](This 
study) by using the method 
provided in this study. aFrom 
Neumann 1987. bFrom Herziget 
al. 1978
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mechanisms is inherently evident. In addition, the objective 
of this study is to develop quantitative theoretical equations 
that can predict data at low temperatures, thereby facilitat-
ing subsequent practical applications. It is worth noting that 
many solid systems in the geosciences are far below the Tm. 
Therefore, the monovacancy theoretical method provided 
here is meaningful for many related scientific issues. 

4.2  Energy analysis

Figure 6 shows the trend of D*/D with temperature. The 
D*/D values of all systems are less than 1, where the D val-
ues of light isotopes are greater than those of heavy isotopes. 
With increasing temperature, the D*/D for different systems 
shows different trends, which is very different from the inter-
stitial mechanism. We will explain this phenomenon from 
an energy perspective. In interstitial diffusion, the activation 
energy during interstitial diffusion contains only the migra-
tion energy (Li et al. 2023), while the activation energy in 
vacancy diffusion contains not only the migration energy 
but also the binding energy and vacancy formation energy.

According to Eq. (25), the two major energy terms (iso-
tope migration energy ratio 

(
D∗

D

)
M

 and isotope binding 

energy ratio 
(

D∗

D

)
B
 ) related to the isotope effect are ΔGM and 

ΔGB
X−V

 , so we divide the equation into two parts:

where ΔGM is the migration Gibbs free energy, ΔGB
X−V

 is 
the binding Gibbs free energy, and Qvib is the vibrational 
partition function, and

ΔGTS is the Gibbs free energy of the transition state, and 
ΔGIS is the Gibbs free energy of the initial state.

According to Eq. (24), we obtain

(ΔGTS − ΔGIS) − (ΔGTS − ΔGIS)
∗ is the difference 

between the light and heavy isotope migration Gibbs free 
energies, and (ΔG∗

B
− ΔGB) reflects the difference between 

the light and heavy isotope binding Gibbs free energies.
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Fig. 6  Changes in the 
DIE(v)with temperature for 
199Au/195Au in Cu (black line), 
60Co/57Co in Cu (red line), 
60Co/57Co in Au (blue line) and 
199Au/195Au in Au (green line)
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Figure 7 shows D*/D, (D*/D)M and (D*/D)B for the four 
systems at different temperatures. The (D*/D)M values are 
all less than 1, suggesting that the diffusion rate of light 
isotopes is faster than that of heavy isotopes. The (D*/D)B is 
less than 1 or greater than 1 for different systems. If (D*/D)M 
and (D*/D)B are less than 1 (Fig. 7d), D*/D will be much 
smaller than 1, so the isotope effect will increase. If (D*/D)M 
is less than 1 and (D*/D)B is greater than 1 (Fig. 7a, b and 
c), the migration energy and the binding energy will have 
opposite effects on D*/D, and  DIE(v) will be uncertain and 
depend on the system.

It is also found that (D*/D)B has a small variation range 
with temperature and is close to 1 (especially in Fig. 7d), 

which means that (D*/D)B is not only slightly affected by 
temperature but also very little affected by the mass of light 
and heavy isotopes. This shows that the binding energy 
depends mainly on the electronic energy. However, a value 
close to 1 does not mean that it can be ignored. The positions 
of the black line and blue line are closer to each other than 
to the red line, which indicates that although the trend of 
D*/D with temperature is the result of the combined effect 
of the migration energy and the binding energy, the value of 
D*/D mainly depends on (D*/D)M. Therefore, the difference 
in migration energy for isotopes is the main driving force 
that determines the  DIE(v).

Fig. 7  Energy analysis of (D*/D)M and (D*/D)B for four diffusion systems at different temperatures. a 135 60Co/57Co in Cu. b 199Au/195Au in 
Cu. c 60Co/57Co in Au. d 199Au/195Au in Au. The black line represents the value of (D*/D)M, the red line represents the value of (D*/D)B, and the 
blue line represents the total isotope diffusion coefficientratio (D*/D). The left panel shows the enlarged trend of the migration energy ratio, and 
the right panel shows the enlarged trend of the binding energy ratio
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5  Conclusion

Based on statistical mechanics, this study built a method to 
calculate the isotope effect of monovacancy diffusion for 
impurity atoms in solids. Several important points are found:

(1) The equation (Eq. 26) for the  DIE(v) of impurity atoms 
under the monovacancy diffusion mechanism is pro-
vided, which includes only one unknown parameter: 
the vibration frequencies of the associated atoms and 
the surrounding system.

(2) Eq. (26) is unified and can be calculated using the first-
principles calculation method. The calculation results 
for the Co and Au systems are consistent with their 
experimental data, suggesting that our building theory 
is reasonable and can be applied to study the  DIE(v) of 
monovacancy diffusion systems.

(3) This study can estimate the weight of the contribution of 
other diffusion mechanisms by comparing them with the 
results of monovacancy diffusion, which can shed light 
on the mechanism of complicated diffusion processes.

(4) From the energy analysis, this study found that the 
 DIE(v) is determined by both the differences in migra-
tion energy and the binding energy for different iso-
topes, but the main driving force is the difference in the 
migration energies.

This theory will help us to understand the molecular-level 
mechanism of a complicated diffusion process and can be 
applied to materials science, solid Earth, planetary science, 
and any field involving solids in the future.
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