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The thermodynamic properties of grossular garnet (Ca3Al2Si3O12) were 
determined as a function of pressure and temperature in this study. With a 
numerical iterative procedure, the unit-cell volume, adiabatic bulk modu-
lus, thermal expansion, heat capacity, and Grüneisen parameters of gros-
sular up to 25 GPa, 2000 K were extracted from experimental elastic wave 
velocities at high temperature and high pressure conditions. The calcu-
lated unit-cell volume and adiabatic bulk modulus agree well with the 
previous studies. The results imply that our calculated thermal expansion, 
heat capacity, and Grüneisen parameters of grossular are all decrease with 
elevated pressure, and both thermal expansion and heat capacity show 
nonlinear pressure dependences. On the other hand, the Grüneisen param-
eter shows a linear pressure dependence. The pressure derivative of ther-
mal expansion display a regularity increase with temperature, while the 
pressure derivatives of heat capacity and Grüneisen parameters display a 
rapid decrease at low temperature and a slow growth above ~1000 K.

Keywords:  Grossular, Thermodynamic parameters, High-temperature High-pressure, 
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1  INTRODUCTION

Garnet is assumed to be one of the most abundant constituent minerals. In 
pyrolite model, the volume fraction of garnet in the uppermost mantle is 
~15 %, then increases to ~40 % with increasing depth to the mantle transi-
tion zone, while in eclogite model, the volume fraction increases from ~25 % 
in the uppermost mantle to ~70 % in the mantle transition zone [1–3]. 

Elastic properties of mantle minerals at high temperature and high pres-
sure conditions are essential to understanding the properties of the Earth’s 
interior [4]. Because of garnet’s relatively high density, low compressibility, 
and increasing stability with increasing pressure, various of high temperature 
and high pressure experimental investigations have provided us plenty of 
accurate data as unit-cell volume [5–11] and elastic wave velocity [12–14], 
from which the elastic properties of garnet in a wide range of temperature and 
pressure were determined to constrain the compositions of the lower crust, 
upper mantle and transition zone [15–17].

However, comparing to the sufficient elastic moduli and volume data of 
garnet, data of thermodynamic properties of garnet, especially at high pres-
sure conditions, is lacking. Thermodynamic properties such as thermal 
expansion, heat capacity, and Grüneisen parameter are essential parameters 
in both geodynamics and mineral physics [18]. Moreover, because garnet 
exists in a wide range of depth in the Earth’s interior, it’s suggested to be one 
of the most common inclusions in diamond [19]. And since diamond is a 
mantle-derived mineral, its absolute ages are usually used to provide records 
of the deep geological process [20,21]. Hence, the determination of the ther-
modynamic properties of garnet at high temperature and high pressure condi-
tions is significant in understanding the physical environment in which the 
garnet and its host, inclusion-bearing diamond, formed [19,22].

As we know, thermal expansions of minerals can be deduced from experi-
mental measurements on volume [23,24], but heat capacity could only be 
measured by calorimetry at either ambient pressure or less than 2 GPa  
[25–28]. The first-principle calculation is a well-accepted method to obtain 
high pressure thermodynamic properties of minerals [3,29], and Osako et al. 
[30] presented an experimental approach to get the high pressure heat capac-
ity by measuring the thermal conductivity and thermal diffusivity simultane-
ously. Still, a lot of work needs to be done to deal with the lack of 
thermodynamic data of numerous minerals. 

In 1967, Davis and Gordon [31] introduced a numerical iterative proce-
dure, following which the density, thermal expansion and heat capacity, espe-
cially, at high temperature and high pressure conditions could be obtained 
from adiabatic elastic wave velocities. The feasibility of this method has been 
proved on liquids [32–34] solutions [35] and recently, on solid minerals  
[36]. Thus, with the available numerous experimental data of minerals, the 
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thermodynamic properties at high pressure conditions can be determined 
conveniently.

As a representative end-member mineral of the garnet group, grossular 
(Ca3Al2Si3O12) is an essential component in the carbonate-bearing ultrahigh-
pressure eclogites [37]. Though there is a sufficient amount of data on the 
volume, elastic properties of grossular, the high pressure thermodynamic 
properties of grossular have only been obtained by the first-principles calcu-
lations to date. In this study, made use of this theoretical method and existing 
high temperature and high pressure elastic wave velocities of grossular, we 
reported the pressure and temperature dependence of the unit-cell volume, 
elastic properties and thermodynamic properties of grossular up to 25 GPa 
and 2000 K. To testify the accuracy of our results, comparisons with previous 
works were made. In addition, we also studied the temperature and pressure 
derivatives of thermal expansion, heat capacity, and Grüneisen parameters of 
grossular.

2  CALCULATION PROCEDURE

2.1  Theoretical method
This method is based on a series of classical thermodynamic relations, and 
the fundamental equations are shown below [31, 32].

The thermal expansion (a) is defined as the temperature dependence of 
volume (V), which is expressed by:
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where Bv  stands for bulk velocity, which is related to P-wave velocity ( Pv ) and 
S-wave velocity ( sv ) as:
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According to the definition of isobaric heat capacity (CP), its variation with 
pressure can be evaluated by: 
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To start the calculation, first, we get the fitting equation of V as a function of 
temperature at zero pressure V(P0, T ) to obtain a (a0, T ) at ambient pressure 
by Eq. (1). With a (a0, T ) and the relationship between CP and temperature at 
ambient pressure CP(P0, T ), the approximate V at an arbitrary reference pres-
sure could be estimated using Eq. (4). Then resulting V is used to update the 
value of a and CP at the same pressure with Eq. (1) and (5), respectively. 
Iteration of this loop leads to converged values of V, a and CP at high pressure 
conditions based on experimental elastic wave velocity. 

In spite of V, a and CP, another derived thermodynamic quantity is the 
Grüneisen parameter (g) [3]:
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Hence the unit-cell volume, thermal expansion, heat capacity, and Grüneisen 
parameter as a function of pressure and temperature can be extracted.

2.2  Data of mantle minerals from previous work
2.2.1  Volume at high temperature and ambient pressure
The unit-cell volume of grossular at ambient condition has been measured by 
X-ray diffraction [5,38], which provides an average value as 1663.16 ± 
1.06 Å. Using a horizontal differential dilatometer, Isaak et al. [39] measured 
the high temperature thermal expansion of grossular to 1350 K, as well as the 
estimated values to 2000 K. In this paper, they also provide the density of 
grossular at ambient conditions. Though later, Saxena et al. [40] presented the 
fitting equation for the ambient pressure thermal expansion of grossular as a 
function of temperature to ~3000 K, which was obtained from the experi-
mental data by Anderson et al. [41]. The value by Saxena [40] consistent with 
that by Isaak [39] at 500 K, however, was ~8 % and even ~21 % lower than 
that Isaak et al. [39] at 1000 K and 2000 K, respectively. Recently, Milani 
et al. [11] measured the ambient pressure unit-cell volumes of grossular to 
1030 K by X-ray diffraction, and separation of thermal expansion was only 
1.5 % compared to that by Isaak [39] at 1000 K. Since the temperature range 
in this study is from 300 K to 2000 K, thus here we made use of the data by 
Isaak et al. [39]. 

2.2.2  Heat capacity at high temperature and ambient pressure
Heat capacity of grossular was determined using calorimetry up to 1000 K 
[42–44], then the fitting equation of experimental heat capacity as a function 
of temperature has been refined by Saxena et al. [40]. Later, Thiéblot et al. 
[45] measured the heat capacities of synthetic grossular from drop-calorimetry  
measurements between 400 K and 1390 K and fit the data to the Haas and 
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Fisher equation [46], which provided a CP-T relation to ~1000 K. However, 
calculated data using the fitting equation provided by Thiéblot gave a slight 
decrease over ~1200 K, which seems unreasonable, thus in this study, we 
make use of the CP-T equation by Saxene et al. [40].

2.2.3  Elastic wave velocity at high temperature and high pressure
The ambient pressure elastic wave velocities of grossular with increasing 
temperature have been directly measured using Brillouin scattering [47] and 
derived from experimental elasticity data measured by the rectangular paral-
lelepiped resonance method [39]. Then using ultrasonic measurements, the 
elastic wave velocities to 17 GPa and 1650 K were determined by Kono et al. 
[13]. Later, Gwanmesia et al. [14] also provided the elastic wave velocities in 
the lower pressure range, which covered the data below 5 GPa. Since the 
measured [12–14] vP and vS of grossular at ambient conditions were consis-
tent with that by Isaak et al. [39] but ~35 % and ~40 %, respectively, larger 
than that by Askarpour et al. [47], in this study, we made use of the data by 
Isaak et al. [39], Kono et al. [13] and Gwanmesia et al. [14].

During the calculation process, the fitting equation of elastic velocities of 
grossular as functions of temperature and pressure are needed to calculate the 
P-wave velocity and S-wave velocity at small temperature and pressure inter-
vals. Since the elastic wave velocities of grossular were suggested to be linear 
with pressure and temperature up to 17 GPa, 1650 K [13]. Hence, with the 
combination of ambient and high pressure data [13,14,39], we fitted the elas-
tic wave velocity as a function of both temperature and pressure with a linear 
fitting equation, which is shown in Eq. (7), together with the coefficients 
listed in Table 1.

	 ( ) 0 1 2,v P T a T a P a= + + 	 (7)

TABLE 1
Coefficients for Eq. (7) with v in m/s, T in K and P in GPa, together with the R2

a0 a1 a2 R2

vp -0.42 ± 0.01 66.71 ± 0.55 9451.63 ± 6.79 0.996

vs -0.30 ± 0.01 19.24 ± 0.49 5546.30 ± 6.11 0.994

3  RESULTS AND DISCUSSION

3.1  Unit-cell volume at high temperature and high pressure conditions
Using the data listed above and based on Eq.(1) and Eq.(3)–(5), our calcula-
tion results for the volume of grossular to 20 GPa, 2000 K is shown in  
Figure 1 along with previous studies for comparison.

Unit-cell volume of grossular was obtained by experimental [5–11, 38] 
and theoretical method [10,48]. At room temperature, though, our results are 
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FIGURE 1
Unit-cell volume of grossular as a function of pressure at room temperature (a) and high tem-
peratures (b).

~0.2 % lower than that by Pavese et al. [8] and ~0.2 % higher than that by 
Nobes et al. [48], they generally agree well with experimental results below 
~12 GPa [5–7,9–11,38]. High temperature and high pressure unit-cell vol-
umes were determined by Gréaux et al. [9] and Duan et al. [3] using X-ray 
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diffraction and first-principle calculations, respectively. Our result is slightly 
larger than that by Duan et al. [3] and the difference increases with tempera-
ture, with the largest separation as 0.3 % at 2000 K.

3.2 � Adiabatic bulk modulus at high temperature and  
high pressure conditions

The adiabatic bulk modulus of grossular is presented in Figure 2, together 
with the previous experimental [12–14] and theoretical [3] results.

FIGURE 2
Adiabatic bulk modulus and shear modulus variations with pressure at different temperatures.

To obtain the pressure derivatives of the adiabatic bulk modulus ( / )S TK P∂ ∂  
and the temperature derivatives of the adiabatic bulk modulus ( / )S PK T∂ ∂ , we 
fitted the calculated high temperature and high pressure KS using the third-
order finite strain equation [49–51]:

	 ( ) ( ) ( ){ }5/2

0 1 2 1 3 / 5S S S T
K T K f K P f = + + ∂ ∂ -   	 (8)

( ) ( ) ( )0 0 300 / 300S S S P
K K K K T T= + ∂ ∂ - 	 (9)

where 2/3
0(1/2){[ ( ) / ] 1}f V T V= - , KS (T ) is the adiabatic bulk modulus at 

temperature T and high pressure, KS0 (T ) is the adiabatic bulk modulus at 
temperature T and ambient pressure. The results are summarized in Table 2.
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In Figure 2, our data is comparable with those experimental results [12–14], 
and the good agreement with the data by Kono at al. [13] and Gwanmesia 
et  al. [14] confirms the accuracy of our derived unit-cell volumes at high 
temperature and high pressure conditions. The pressure derivatives of KS in 
this study are generally larger than that by Duan et al. [3]. The values of 
( / )S TK P∂ ∂  increase from 4.43 at ambient pressure to 5.53 at 25 GPa at the 
temperature of 300 K, and decrease from 4.43 at 300 K to 3.84 at 2000 K at 
ambient pressure.

3.3 � Thermodynamic properties at high temperature and  
high pressure conditions

The good agreement of the calculated unit-cell volume and adiabatic bulk 
modulus with previous studies consequently lead to the reliability of the cal-
culated thermodynamic properties of grossular. Figure 3, Figure 4 and  
Figure 6 illustrate the calculated thermal expansions, heat capacities and Grü-
neisen parameters of grossular at high pressure conditions, respectively.

Though thermodynamic properties of grossular have been well studied at 
ambient pressure conditions, their values at high pressure conditions are still 
lacking. The only source we could find about the thermodynamic properties 
of grossular at the high pressure conditions is obtained from first-principle 
calculations [3]. Our thermal expansion and heat capacity are agreed with the 
first-principle calculations results [3]. The calculated thermal expansions and 
heat capacities of grossular are fitted to the equations a = a0 + (∂a / ∂P) × P 
+ (∂ 2a / ∂P2) × P2 and CP = CP0 + (∂CP / ∂P) × P + (∂ 2CP / ∂P2) × P2 at fixed 
temperatures, respectively, where a0 and CP0 stand for the thermal expansion 
and heat capacity at ambient pressure, respectively, ∂a / ∂P, ∂ 2a / ∂P2, 
∂CP / ∂P, ∂ 2CP / ∂P2 stand for the first and second pressure derivatives of ther-
mal expansion or heat capacity, respectively. All the fitting parameters are 
listed in Table 3 and Table 4, and the estimated heat capacity and its pressure 
derivative at 300 K are comparable with that by Watanabe et al. [30,52]. The 
results suggest that both of thermal expansion and heat capacity show 

TABLE 2
Adiabatic bulk modulus and its first pressure and temperature derivative of grossular

KS0 (300 K)  
GPa

(∂KS / ∂P)300 K (∂KS / ∂T)P  
GPa K-1

Method References

166.82 5.46 – Brillouin scattering Conrad et al. (1999)

171.5 4.42 -0.0136 Ultrasonic wave velocity Kono et al. (2010)

171.2 4.47 -0.0138 Ultrasonic interferometry Gwanmesia et al. (2015)

167.03   4.49* -0.0141 Theoretically Duan et al. (2019)

170.13 4.43 -0.0164 Theoretically This work

*∂ 2KS / ∂P2 = -10.2 × 10-3 GPa-1
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FIGURE 3
Thermal expansion of grossular as a function of temperature at various pressures.

FIGURE 4
Heat capacity of grossular as a function of temperature at various pressures.

nonlinear pressure dependences and also decrease with elevated pressure. 
Furthermore, the pressure effect on the thermal expansion increase with tem-
perature, however, the pressure effect on the heat capacity does not show 
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TABLE 3
Thermal expansion and its first, second pressure derivatives of grossular

T a0 ∂a / ∂P ∂ 2a / ∂P2

K 10-5 K-1 10-7 K-1 GPa-1 10-8 K-1 GPa-2

300 1.911 -7.629 0.989

600 2.612 -7.562 0.980

900 2.828 -7.995 1.060

1200 2.969 -8.500 1.152

1500 3.086 -9.024 1.247

2000 3.262 -9.913 1.408

TABLE 4
Heat capacity and its first, second pressure derivatives of grossular

T CP0 ∂CP / ∂P ∂ 2CP / ∂P2 References

K J kg-1 K-1 J kg-1 K-1 GPa-1 10-2 J kg-1 K-1 GPa-2

300 706 -3.1 – Watanabe et al. (1982)

300 742.94 -4.87 0.3 This work

600 997.57 -1.71 0.95 This work

900 1084.36 -1.38 1.51 This work

1200 1130.45 -1.47 2.08 This work

1500 1161.20 -1.69 2.68 This work

2000 1197.30 -2.19 3.73 This work

regularity with the temperature. Figure 5 illustrates the relationship between 
the first pressure derivative of heat capacity and temperature, the value of 
∂CP / ∂P seems to decrease rapidly below ~500 K, then starts to increase over 
~1000 K.

Finally, the Grüneisen parameter of grossular at high temperature and high 
pressure conditions can be obtained in terms of the calculated adiabatic bulk 
modulus, thermal expansion and heat capacity. The results are presented in 
Figure 6, together with the ambient pressure values to 1200 K by Isaak et al. 
[39]. The calculated Grüneisen parameter shows a linear pressure depen-
dence, and the pressure derivative of the Grüneisen parameter displays a 
similar trend with that of heat capacity, which is also illustrated in Figure 5. 

Additionally, our calculated Grüneisen parameters decrease with elevated 
pressure and also show a slight decrease with elevated temperature. The tem-
perature derivatives of the Grüneisen parameter increase from -4.9 × 10-5 K-1 
at 0 GPa to -5.4 × 10-5 K-1 at 20 GPa over ~750 K, which displays the same 
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FIGURE 5
Pressure derivative of heat capacity and Grüneisen parameter of grossular variations with  
temperature.

FIGURE 6
Grüneisen parameters of grossular as a function of temperature at various pressures.

trend with the data by Isaak et al. [39]. However, based on the relationship 
between Grüneisen parameter and volume, previous studies suggest that the 
Grüneisen parameter at high temperature and high pressure conditions 
increasing with increasing temperature and decreasing upon compression 
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[11,53,54]. Hence, the temperature derivative of the Grüneisen parameter of 
grossular at high temperature and high pressure conditions still need to be 
discussed in future studies.

4  CONCLUSIONS

Based on the previous high temperature and high pressure experimental elas-
tic wave velocity data, the unit-cell volume, adiabatic bulk modulus and par-
ticularly, thermodynamic parameters including thermal expansion, heat 
capacity and Grüneisen parameter of grossular up to 25 GPa, 2000 K were 
obtained following a numerical iterative procedure. Both of the unit-cell vol-
ume and adiabatic bulk modulus agree well with previous experimental 
investigations, which consequently proved the reliability of our theoretical 
method. The temperature and pressure dependences of those thermodynamic 
parameters were studied and the results suggest that the thermal expansion, 
heat capacity and Grüneisen parameter of grossular are all decease with pres-
sure. Also, both of the thermal expansion and heat capacity show nonlinear 
pressure dependence while the Grüneisen parameter shows a linear pressure 
dependence. Additionally, the pressure derivative of heat capacity displays an 
interesting trend with the temperature that the value shows a steep decrease to 
~500 K, then a slow increase above ~1000 K. In this study, the temperature 
derivative of the calculated Grüneisen parameter is negative, which is in con-
trast to the previous studies.
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